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Bruce H. Edwards, Ph.D.

Professor of Mathematics 
University of Florida

Professor Bruce H. Edwards has been a Professor of Mathematics 
at the University of Florida since 1976. He received his B.S. in 
Mathematics from Stanford University in 1968 and his Ph.D. in 

Mathematics from Dartmouth College in 1976. From 1968 to 1972, he was 
in 

Spanish  at Universidad Pedagógica y Tecnológica de Colombia.

Professor Edwards’s early research interests were in the broad area of pure mathematics called algebra. 
His dissertation in quadratic forms was titled “Induction Techniques and Periodicity in Clifford Algebras.” 
Beginning in 1978, Professor Edwards became interested in applied mathematics while working summers for 
NASA at the Langley Research Center in Virginia. This work led to his research in numerical analysis and the 
solution of differential equations. During his sabbatical year, 1984 to 1985, he worked on two-point boundary 
value problems with Professor Leo Xanthis at the Polytechnic of Central London. Professor Edwards’s current 
research is focused on the algorithm called CORDIC that is used in computers and graphing calculators for 
calculating function values.

Professor Edwards has coauthored a number of mathematics textbooks with Professor Ron Larson of Penn 
State Erie, The Behrend College. Together, they have published leading texts in calculus, applied calculus, 

Over the years, Professor Edwards has received many teaching awards at the University of Florida. He was 
named Teacher of the Year in the College of Liberal Arts and Sciences in 1979, 1981, and 1990. In addition, he 
was named the College of Liberal Arts and Sciences Student Council Teacher of the Year and the University of 
Florida Honors Program Teacher of the Year in 1990. He also served as the Distinguished Alumni Professor for 
the UF Alumni Association from 1991 to 1993. The winners of this two-year award are selected by graduates 
of the university. The Florida Section of the Mathematical Association of America awarded Professor Edwards 
the Distinguished Service Award in 1995 for his work in mathematics education for the state of Florida. His 
textbooks have been honored with various awards from the Text and Academic Authors Association.

calculus to graduate-level classes in algebra and numerical analysis. He particularly enjoys teaching calculus to 
freshmen because of the beauty of the subject and the enthusiasm of the students.
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Professor Edwards has been a frequent speaker at both research conferences and meetings of the National 
Council of Teachers of Mathematics. He has spoken on issues relating to the Advanced Placement calculus 
examination, especially on the use of graphing calculators.

Professor Edwards has taught four other Great Courses: 

Mathematics Describing the Real World: Precalculus and Trigonometry;

Understanding Calculus: Problems, Solutions, and Tips;

Understanding Calculus II: Problems, Solutions, and Tips; and 

Prove It: The Art of Mathematical Argument. 
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Scope:

The goal of this course is to complete your understanding and appreciation of calculus by seeing  
how calculus is extended to three dimensions. Many of the ideas of elementary calculus in the plane 
generalize naturally to space, whereas other concepts will be brand new. Most concepts will be 

introduced using illustrative examples, and you will see how multivariable calculus plays a fundamental role  
in all of science and engineering. You will also gain a new appreciation for the achievements of  
higher mathematics.

variables. In particular, the graphs of such functions are surfaces in space. After a brief look at limits, you 
will generalize elementary derivatives to partial derivatives. You will learn how to generalize the differential 

variable. This leads to optimization applications and linear modeling of data. 

You will then study vectors in space, a natural extension of vectors in the plane. Lines and planes are studied 
in depth, as well as other surfaces in space. You will use vector-valued functions to understand Kepler’s laws 
and prove one of them using calculus. 

Your study then takes you to the world of multivariable integration, which is far more powerful than its  

applications to volume, surface area, mass, and far more. You will study additional kinds of integrals that 

One of the recurring themes throughout these lessons is the fundamental theorem of calculus. Recall from 
elementary calculus how the fundamental theorem relates integration and differentiation:

 
.

b

a
F x dx F b F a

This theorem will appear in other forms in multivariable calculus, including in the famous fundamental 
theorem of line integrals, which allows you to integrate over a piecewise smooth curve to make sense of such 
topics as gravitation and conservation of energy. 

combine with double, triple, and surface integrals to form three of the crowning theorems in all of calculus, 
each of which generalizes the ability of the fundamental theorem of calculus to extract maximum information 

Understanding Multivariable Calculus: Problems, Solutions, and Tips
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was a colleague and friend of James Clerk Maxwell at Cambridge University, and the course concludes by 
touching on mathematical connections between our capstone generalizations of the fundamental theorem of 
calculus and Maxwell’s famous equations of electromagnetism.

This course presents essentially the same topics as a typical university-level, third-semester calculus course. 
The material is based on the 10th edition of the bestselling textbook Calculus by Ron Larson and Bruce H. 

throughout the course.

The study of multivariable calculus has surprisingly few prerequisites. For a high school student who has 
completed the equivalent of the Advanced Placement Calculus AB and Calculus BC courses, this course is a 
very logical next step. And although some university programs teach multivariable calculus only after linear 

That’s because calculus II and multivariable calculus start from a shared foundation but proceed in 
substantially different directions. For example, while Understanding Calculus II: Problems, Solutions, 
and Tips, a natural predecessor for this course, does introduce some topics in preparation for multivariable 
calculus—conics, vectors, parametric equations, polar coordinates, and vector-valued functions—the bulk of 

analysis but are not featured in multivariable calculus. Moreover, in this course, any preparatory topics from 

distinct and self-contained.

Graphing calculators and computers are playing an increasing role in the mathematics classroom.  
Without a doubt, graphing technology can enhance the understanding of calculus, so some instances where 

many of the graphs of surfaces were produced using Mathematica software—a more limited online version  
of which can even be explored on your own, at little or no cost, using the website Wolfram|Alpha  

By the end of this course, you will have covered all the important theoretical ideas and theorems of a three-
semester university calculus sequence, without dwelling on their technical proofs. You will be prepared for 
courses in engineering, physics, and other subjects that use calculus.

which you can review as many times as you wish; the individual lesson summaries and accompanying problems 
in the workbook; and the supporting materials in the back of the workbook, including the solutions to all 
problems and various review items.
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A Visual Introduction to 3-D Calculus
Lesson 1

Topics

Introduction to multivariable calculus.

Generalizing elementary calculus to three dimensions.

The three-dimensional coordinate system.

Distance and midpoint formulas.

Introduction to functions of two variables.

In the three-dimensional coordinate system x, y, z

The distance x1, y1, z1 x2, y2, z2

  2 2 2
2 1 2 1 2 1d x x y y z z .

A sphere x0, y0, z0 r x, y, z
x, y, z x0, y0, z0 r. That is,

  2 2 2
0 0 0d x x y y z z r .

 x x0
2 y y0

2 z z0
2 = r2.

The midpoint x1, y1, z1 x2, y2, z2

  1 21 2 1 2, ,
2 2 2

y yx x z z .

If z = f x, y function of two variables, then x and y are called the independent variables, and z 
is the dependent variable.
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Summary

Welcome to Understanding Multivariable Calculus: Problems, Solution, and Tips
how many of the fundamental ideas of elementary calculus can be extended to multivariable calculus. That 
is, we look at how calculus in the two-dimensional plane is generalized to three-dimensional space. After 
these introductory remarks, we develop the three-dimensional coordinate system as well as the distance and 
midpoint formulas. We end the lesson with a brief look at functions of two variables.

Elementary Calculus Compared to Multivariable Calculus

In these lessons, we will see how elementary calculus, the calculus of two dimensions, can be extended to 

will develop.

You know about the xy x, y
x, y, z

You know about functions of a single variable, such as 
f x x
variables, z = f x, y z = x2 + y2. 

You know about the graph of a function of a single variable 
Figure 1.1

Figure 1.2

You know about derivatives of functions of a single 

variable, such as the derivative sin cosd x x
dx

. You will 

learn about partial derivatives of functions of two or more 

variables, f
x

, f
y

.

You know about integrals in elementary calculus, 

f x dx and 
b

a
f x dx. You will learn about double 

integrals, ,
b d

a c
f x y dy dx; triple integrals; line integrals; 

and more.

You know about the fundamental theorem of calculus: If 
F is an antiderivative of f, then ( ) ( )

b

a
f x dx F b F a . 

You will learn about many generalizations of this theorem, 
including Green’s theorem, the divergence theorem, and 
Stokes’s theorem.

y = x2

2

2

4

6

8

Figure 1.1

x
y

z

1

2

3

4

1
2

2
1

x
y

1

2

3

1
2

2
1

z = x2 + y2

Figure 1.2
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You know about vectors in the plane, 1 2,v vv . You will learn about vectors in space, 1 2 3, ,v v vv .

You know about vector-valued functions in the plane, such as r t ti + sin tj. You will learn about vector-
valued functions in space, such as the helix given by r t ti + sin tj + tk.

more advanced optimization techniques for functions of two variables.

Example 1

Solution

Using the distance formula, we have 

 2 2 21 2 0 1 2 3 1 1 25 27 3 3d .

Example 2

Solution

The center of the sphere is the midpoint, 4 0 2 4 3 3, , 2, 1, 0
2 2 2

. 

By the distance formula, the radius is 

2 2 20 2 4 1 3 0r  = 4 9 9 = 22. 

x 2 y 2 z 2 = 222 , 
x 2 y 2 + z2 = 22. See Figure 1.3.

Example 3

For the function of two variables z = f x, y x2 + xy, we have f f 2

Study Tips 

We will use a right-handed coordinate system in space. That is, if the x-axis is your right hand and the 
y-axis is your left hand, then the z-axis points upward.

x

z

y

Figure 1.3
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The formulas for distance, midpoint, and sphere are immediate generalizations for the familiar 
formulas for distance, midpoint, and circle in elementary calculus.

x, y f of two variables, the value in the range is z = f x, y

Pitfall

Just as in elementary calculus, you cannot divide by zero or take square roots of negative numbers. 
For instance, if f x, y 1y

x y
, then f f

1. Calculate the derivative of the function f x x + e3x.

2. Calculate the integral 2

0
cos x dx . 

3. Determine the vector with initial point P Q

4. Eliminate the parameter to demonstrate that the graph of the vector-value function r t ti + 3 sin tj
is a circle.

5. Find the critical numbers and relative extrema of the function f x x3 + 3x2 – 12x.

6.

7.

8.

9. Calculate f f x, y y + ex+y. 

10. Calculate g g x, y x + y x – y

Problems
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Functions of Several Variables
Lesson 2

Topics

Functions of two or more independent variables.

Graphs of functions of two variables.

Traces.

Level curves and level surfaces.

Applications of functions of two variables.

Let D x, y D there corresponds a 
unique real number z = f x, y f is called a function of x and y. The set D is the domain of f, and 
the corresponding set of values f x, y range of f.

The graph of a function of two variables z = f x, y x, y, z z = f x, y

A trace is the intersection of a surface with a plane.

Let z = f x, y c be a constant. A level curve or contour line is the set of all points in the plane 
satisfying f x, y c.

Summary

In this lesson, we continue our study of functions of two or more independent variables. We will formally 

such functions and also extend these ideas to functions of three or more variables. Perhaps the most important 
and interesting theme of this lesson is the graph of a function of two variables. To this end, we look at traces 
and level curves for functions of two variables. Typical applications of level curves are topographic maps. 
Finally, we will set up an application involving the minimal cost of construction of a box. 
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Example 1

Find the domain of the function 2 2, 4 .f x y x y  

Solution

The expression inside the radical must be nonnegative, so the domain 
x2 y2

So, we have 2 2, : 4 .D x y x y  

The domain is a circle of radius 2. Notice that the graph of the function is a hemisphere of radius 2 centered at 
the origin, x2 + y2 + z2 z Figure 2.1

Example 2

Find the largest possible value of the function of two variables  
z = f x, y x + 4y x2 y2.

Solution

By completing the square, we see that z = f x, y x 2 y 2. 

Therefore, the largest possible value is 5, which is obtained when x = 1 and y = 2. Notice that there is no 
Figure 2.2

Example 3

Let 2 2, 16 4f x y x y . Describe the level curve for c = 0. 
Figure 2.3

Solution

Setting f x, y c, we have 2 216 4 0x y . 

22
2 216 4 0 1

4 16
yxx y . 

Figure 2.4

x

z

y
2

1 2
1

2

1

x

z

y
2

11 2
1

2222

111

Figure 2.1

x

z

y

f (x, y x 2 y 2 

Figure 2.2

y
x

z

1

2

4

3

y
x

z

1111

2222

4444444444444

33333

Figure 2.3
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Example 4

A rectangular box with an open top has a length of x feet, a width of y 
feet, and a height of z Figure 2.5

C of 
constructing the box as a function of x, y, and z.

Solution

The cost depends on the cost of the base and the four sides.

C = 3.00xy yz xz xy + 4yz + 4xz.

Later in this course, we will determine the minimum cost of the box, 

Study Tips

If z = f x, y x and y are called the independent variables, 
and z is the dependent variable.

Often, a graph can help determine the range.

 
f x, y, z x2 y2 + sin z is a function of three variables.

You can add, subtract, and multiply functions of two or more variables. For example, if f x, y xy2 
and g x, y xy f + g x, y f x, y g x, y  
2xy2 xy

Level curves extend naturally to level surfaces. For example, consider the function of three variables, 
f x, y, z x2 + y2 + z2. Each level surface is of the form 4x2 + y2 + z2 = c, which are ellipsoids.

You will often see different letters used for the independent and dependent variables, as well as the 
names of the functions.

Pitfalls

You cannot form the composition of two functions, each of two variables. However, if g is a function 
of a single variable and f is a function of two variables, then the following composition makes sense: 

, ,g f x y g f x y .

2 3

2

4

c = 4

c = 0

c = 2

Figure 2.4

z

z

x

y

Figure 2.5
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Make sure you understand if you are working in the plane or in space. For example, the graph of the 
equation y = x is a line in the plane, but a plane in space.

The graph of a function of two variables is a surface in space, whereas its level curves are graphs in 
the xy-plane.

Keep in mind that for a surface in space, its level curves lie in the xy-plane. On the other hand, a trace 
is the intersection of the surface with a plane.

1. Calculate f f x, y, z .x y z

2. Describe the domain of the function f x, y .x y
xy

3. Describe the domain of the function f x, y x y

4. Describe the graph of the function f x, y

5. Describe the graph of the function f x, y 2 21 .x y

6. Describe the level curves of the function f x, y x y for c = 0, 2, 4. 

7. Describe the level curves of the function f x, y xy for c = ±1, ±3.

8. Describe the level surface of the function f x, y, z x2 + y2 + z2 at c = 9.

9. Complete the square for the function z = f x, y x + 4y x2 y2

function is z = 5.

10. A propane tank is constructed by welding hemispheres to the ends of a right circular cylinder. Write the 
volume of the tank as a function of r and x, where r is the radius of the cylinder and hemispheres and x is 
the length of the cylinder.

Problems
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Limits, Continuity, and Partial Derivatives
Lesson 3

Topics

Limits of functions of two variables.

Disks in the plane.

Continuity of functions of two variables.

Partial derivatives.

x0 , y0

x0 , y0  is the set of points 

x y x x y y, : .0
2

0
2 Figure 3.1

Let f x0 , y0

x0 , y0 L be a real number. 

 Then,

  
0 0, ,

lim ( , )
x y x y

f x y L

if, for every  > 0, there exists  > 0 such that 

,f x y L  <  whenever 2 2
0 00 x x y y < .

A function of two variables is continuous x0, y0 f x0, y0

0 0
0 0, ,

lim ( , ) ,
x y x y

f x y f x y .

(x0, y0)

Figure 3.1



12

Le
ss

on
 3

: L
im

its
, C

on
tin

ui
ty

, a
nd

 P
ar

tia
l D

er
iv

at
iv

es

  
0

, ,
, limx x

f x x y f x yf f x y
x x

.

  
0

, ,
, limy y

f x y y f x yf f x y
y y

.

Summary

In this lesson, we continue to study the fundamental concepts of limits and continuity for functions of two 
variables. We will see that limits in multivariable calculus are more complicated, but we won’t dwell on the 
theoretical aspects. We then present partial derivatives, the generalization of derivatives from elementary 

Example 1

Calculate the limit 
2

2 2, 1,2

5lim
x y

x y
x y

.

Solution

The limit is easy to evaluate: 
2 2

2 2 2 2, 1,2

5 5(1) 2 10lim 2
51 2x y

x y
x y

. 

Example 2

Show that the limit 
22 2

2 2, 0,0
lim

x y

x y
x y

 does not exist.

Solution

Along the path y = 0, 
22 2

2 2,0 0,0

0lim 1
0x

x
x

. And along the path y = x, 
22 2

2 2, 0,0
lim 0

x x

x x
x x

. 

Because these values do not agree, the limit does not exist.

Example 3

Calculate the partial derivatives of the function f x, y x3 + sin y.
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Solution

We calculate the partial derivative with respect to x by holding the variable y constant and differentiating with 

respect to x: 23f x
x

. 

Similarly, the partial derivative with respect to y is calculated by holding the variable x constant: cosf y
y

.

Study Tips

Open disks are circles without boundaries. Closed disks contain the boundary.

In elementary calculus, you can approach the point c in only two directions—from the left and from 
x0, y0

any direction and along any path.

the function.

Partial derivatives are rates of change with respect to one of the independent variables.

Pitfalls

In fact, there is a nonremovable discontinuity at this point.

There are lots of notations for partial derivatives. For instance, if z = f x, y
derivative with respect to x might be written as

, ,x x
f zf x y f x y z
x x x

.

1. Find the limit 2

, 2, 1
lim 2 .

x y
x y

2. Find the limit 
, 1, 2
lim .xy

x y
e

3. Find the limit 
, 1, 1

1lim .
1x y

xy
xy

4. Discuss the continuity of the function 2 2, .yf x y
x y

Problems
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5. Discuss the continuity of the function 2 2
1, .

4
f x y

x y

6. Show that the limit 2 2, 0, 0
lim

x y

xy
x y

 does not exist.

7. Show that the limit 
2

2 4, 0, 0
lim

x y

xy
x y

 does not exist.

8. Calculate the partial derivatives f
x

 and f
y

 for f x, y x y + 3.

9. Calculate the partial derivatives f
x

 and f
y

 for f x, y .x y

10. Calculate the partial derivatives f
x

 and f
y

 for f x, y xy.
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Partial Derivatives—One Variable at a Time
Lesson 4

Topics

Partial derivatives of functions of two variables.

The geometric interpretation of partial derivatives.

Partial derivatives of functions of three or more variables.

Higher-order partial derivatives.

Equality of mixed partial derivatives.

Partial differential equations and Laplace’s equation.

  
0

, ,
, limx x

f x x y f x yf f x y
x x

.

  
0

, ,
, limy y

f x y y f x yf f x y
y y

.

Higher-order partial derivatives:

2 2

2 2; .xx yy
f f f ff f

x x y yx y

2 2

; .xy yx
f f f ff f

y x y x x y x y

Laplace’s partial differential equation: 
2 2

2 2 0z z
x y

be harmonic.
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Summary

In this lesson, we continue our study of partial derivatives. After reviewing how to calculate partial 

derivatives and observe a surprising property of so-called mixed partial derivatives. Finally, we generalize 
differential equations to partial differential equations and look at Laplace’s equation as an example.

Example 1

3 4, sin .z f x y x y xy

Solution

The partial derivative with respect to x is 23 cos ,z f x xy y
x x

 and the partial derivative with respect to 

y is 34 cos .z f y xy x
y y

Example 2

Find the slopes in the x-direction and in the y-direction of the surface given by the function 
f x, y x 2 y 2

Solution

The partial derivative with respect to x is 
fx x, y x fx

The partial derivative with respect to y is 
fy x, y y  fy

Notice that the slopes are zero at the maximum 
point on the surface. Later, we will expand on the 

Figure 4.1

Example 3

Find f
x

 for the function f x, y, z xy + yz2 + xz.

Solution

Calculating partial derivatives for functions of three or more variables is no different. We consider the 

variables y and z as constants and differentiate with respect to : .fx y z
x

1

1
2

3

1 2 3 4

(1, 2, 1)

z

x

y

Figure 4.1
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Example 4

Calculate the four second-order partial derivatives for the function f x, y x + ey + xy.

Solution

cosf x y
x

 and .yf e x
y

 

  cos sin .xx
ff x y x

x x x

  .y y
yy

ff e x e
y y y

  1.y
yx

ff e x
x y x

  cos 1.xy
ff x y

y x y

Notice that the two mixed partial derivatives are equal. Under suitable hypotheses, this is always true for 
mixed partial derivatives.

Example 5

Show that , sinxz f x y e y  is a solution to Laplace’s equation.

Solution

We have sin ,xz e y
x

2

2 sin ,xz e y
x

cos ,xz e y
y

and
2

2 sinxz e y
y

. 

Therefore, 
2 2

2 2 sin sin 0x xz z e y e y
x y

.

Study Tips

To calculate a partial derivative, hold one variable constant and differentiate with respect to the  
other variable. 

The partial derivative with respect to x is the slope of the graph in the x-direction. Similarly, the 
partial derivative with respect to y is the slope in the y-direction.

Under suitable hypotheses, the mixed partial derivatives are equal: fxy = fyx. 
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Pitfalls

The notation for partial derivatives can be confusing. Notice that for mixed second-order partials, you 
do the derivative “closest to f

2

y yxx

f f f f
x y x y

.

Although the mixed partial derivatives are equal for most common functions, there exist examples for 
which this is not true. For instance, they are not equal for the function

2 2

2 2 , , 0,0, .
0, , 0,0

xy x y
x yf x y x y
x y

1. fx and fy for f x, y 5xcos5y.

2. fx and fy for f x, y .
y

xye

3. Find the slope of the surface g x, y x2 y2 in the x- and y

4. f , f , and fz for f x, y, z x3yz2 x, y, z

5. Find the four second partial derivatives for the function f x, y x2 xy + 3y2.

6. Find the four second partial derivatives for the function f x, y ex tan y.

7. For the function f x, y x2 xy + y2 x + y x and y such that fx x, y
fy x, y

8. For the function fx x, y 1 1 ,xy
x y

x and y such that fx x, y fy x, y

9. Show that the function z = arctan y
x

2 2

2 2 0.z z
x y

10. Show that the function z x ct
2 2

2
2 2 .z zc

t x

Problems
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Total Differentials and Chain Rules
Lesson 5

Topics

The total differential of a function of two variables.

Differentiability for functions of two variables.

The total differential and error analysis.

Chain rules.

Let z = f x, y dx x, and dy y. The total differential of z is the expression  
z zdz dx dy
x y

 = fx x, y dx + fy x, y dy.

A function z = f x, y differentiable x0, y0 z can be written in the form  
z = fx x0, y0 x + fy x0, y0 y + 1 x + 2 y, where 1 and 2 x y

Let w be a function of x and y, and assume that x and y are both functions of t. Then, w is a function of 
t, and the chain rule says that

  dw w dx w dy
dt x dt y dt

.

Summary

present one of the many chain rules in multivariable calculus.

Example 1

Find the total differential of the function z = 2x sin y x2y2. 

Solution

We have z zdz dx dy
x y

y xy2 dx x cos y x2y dy.
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Example 2

Use the total differential to approximate the change in the function 
z = f x, y 2 24 x y x, y

Figure 5.1

Solution

x, y dx x = 0.01, and dy y 

The partial derivatives are 
1

22 2
2 2

1 4 2
2 4

z xx y x
x x y

 and 
2 2

.
4

yz
y x y

So, 
2 2 2 2

.
4 4

yz z xz dz x y x y
x y x y x y

When x = y = 1, 1 10.01 0.03 0.0141.
2 2

z

This compares favorably with the exact change: 

z = f f 2 2 2 24 1.01 0.97 4 1 1

Example 3

dw
dt

 if w = x2y y2, x = sin t, and y = et. 

Solution

We have the following: 

dw w dx w dy
dt x dt y dt

 = 2xy t x2 y et t et t 2 t et et.

Study Tips

The total differential extends naturally to functions of three 
or more variables. For example, if w = x2 + y3 + z4, then 
dw = 2xdx + 3y2 dy + 4z3 dz.

We will see later that differentiability at a point implies that the surface 
can be approximated by a tangent plane at that point. This is similar to 
elementary calculus, where differentiability at a point implies that the 

Figure 5.2

1 1 2, ,( )1 01 0 97 2 039. , . , .( )

1 01 0 97. , .( ) 1 1,( )(

0

y
x

z
222

22
2

(

Figure 5.1

y

x

z

1

2

4

3

2 2 y

x

z

11

22

4444444444

33

22 2

Figure 5.2
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There are many other chain rules in multivariable calculus, but we will not need them in this course.

It is possible to solve Example 3 without the chain rule. First, express w as a function of t, and 
then differentiate:

22 2 2sin .t tw x y y t e e

dw
dt

 to verify that you obtain the same answer.

Pitfalls

Notice in the chain rule that some of the derivatives are ordinary derivatives, and others are 
partial derivatives. 

1. Find the total differential if z = 2x2y3.

2. Find the total differential if z = ex siny.

3. Find the total differential if .
3

x yw
z y

4. 2 2

5. Use the total differential to approximate the quantity 2 2 2 2sin 1.05 0.95 sin 1 1 .

6. The radius r and height h of a right circular cylinder are measured with possible errors of 4% and 2%, 
respectively. Approximate the maximum possible percent error in measuring the volume.

7. Use the chain rule from elementary calculus to calculate the derivative of the function 
23sin .xh x e

8. dw
dt

 if w = xy, x = et, and y = e t.

9. dw
dt

 if w x y x = t2, and y = 1. 

10. dw
dt

 at t = 1 if w = exy, x = t2, and y = t.

Problems
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Extrema of Functions of Two Variables
Lesson 6

Topics

Maximum and minimum values of functions of two variables.

The extreme value theorem.

Relative extrema and critical points.

The second partials test for relative extrema.

Applications.

Let z = f x, y R in the plane. The values f a, b
f c, d f a, b f x, y f c, d maximum and minimum values of f on R.

The extreme value theorem says that if z = f x, y R 
in the plane, then there is at least one point in R at which f takes on a minimum value and at least one 
point in R at which f takes on a maximum value. 

Let f R x0, y0 f has a relative 
minimum x0, y0 f x, y f x0, y0 x, y x0, y0

relative maximum is similar.

Let f R x0, y0 x0, y0 critical point if either 
 fx x0, y0  fy x0, y0 fx x0, y0  fy x0, y0

Relative extrema occur at critical points. In other words, the critical points are the candidates for 
relative maxima and relative minima.

Second partials test a, b f. 

2
, , , .xx yy xyd f a b f a b f a b  Then, we have the following.

1. d > 0, fxx a, b  relative minimum.
2. d > 0, fxx a, b  relative maximum.
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3. d < 0,  saddle point.
4. d = 0: Test is inconclusive.

Summary

We will see that the critical points of a function are the candidates for relative extrema, just as in elementary 
calculus. The second partials test can be used to determine the exact nature of these critical points. Finally, we 
close with an application from a previous lesson.

Example 1

function f x, y x + 4y x2 y2.

Solution

We set the partial derivatives 2 2f x
x

 and 4 2f y
y

 equal to 

x, y

By completing the square, we see that this point is a maximum and that 
Figure 6.1

2 2

2 2

2 2

, 2 4
2 1 4 4 5

5 1 2 .

f x y x y x y
x x y y

x y

Example 2

Determine the relative extrema of f x, y x2 + y2 + 8x y + 20.

Solution

4 8 0 2xf x x
and 2 6 0 3yf y y

By completing the square, f x, y x 2 y 2

Example 3

y
x

z

2

4

4 42 2

(1, 2, 5)

yyyyyyyyyy
x

z

22

4

4 4444444444422222 22

(1, 2, 5)

Figure 6.1
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Solution

fx = 4x + 8, fxx = 4, fy = 2y fyy = 2, and fxy = 0. So, we have 

2
, , , 4(2) 0 8 0,xx yy xyd f a b f a b f a b

and fxx > 0. Thus, by the second partials test, the point is a relative minimum. 

Study Tips

use partial derivatives. 

The critical points are the candidates for relative extrema. It is possible that none of the critical points 
are relative extrema. For instance, the critical point of the function f x, y y2 x2

neither a relative minimum nor relative maximum. Such points are called saddle points.

Pitfalls

When using the extreme value theorem, make sure that the region R is closed and bounded. 
Otherwise, there might not be a maximum or minimum value. For instance, there was no minimum 
value in Example 1.

be a critical point.

Keep in mind that the relative extrema are not necessarily absolute extrema.

discriminant d = 0.

1. 2 2, 1.f x y x y

2. 2 2, 10 12 64.f x y x y x y

3.
2

32 2, .f x y x y

4. Complete the square to determine the relative minimum of the function f x, y x2 + y2 + 8x y + 20.

Problems
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5. Determine the relative extrema of f x, y xy.

6. Use the second partials test to determine the relative extrema of the function  
f x, y x2 + 2y2 x y + 16.

7. Use the second partials test to determine the relative extrema of the function  
f x, y x2 + 4xy y2 + 16x + 10.

8. Examine the function 4 41, 2 1
2

f x y xy x y  for relative extrema.

9. 2 2
3 3,f x y x y  and determine the relative extrema.

10. An open box is to be constructed with 2 square meters of material. Determine the dimensions  
of the box so that the volume is a maximum.

11. Verify that that the partial derivative with respect to x for 3
4( )
C xyV xy

x y
 is 

2
2

2 3 6 .
4x

yV C x xy
x y

12. Verify that 
2

2
2 3 6 0

4x
yV C x xy

x y
 and 

2
2

2 3 6 0
4y

xV C y xy
x y

 gives the solution  
x = y = 12.
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Applications to Optimization Problems
Lesson 7

Topics

Applications of functions of two variables.

Maximum and minimum values on closed and bounded regions.

Let z = f x, y R in the plane. The values f a, b
f c, d f a, b f x, y f c, d maximum and minimum values of f on R.

The extreme value theorem says that if z = f x, y R 
in the plane, then there is at least one point in R at which f takes on a minimum value and at least one 
point in R at which f takes on a maximum value. 

Summary

construction of a water line through three different regions.

Example 1

Find the absolute extrema of the function f x, y x2 + 2y2 y
on the closed region bounded below by the parabola y = x2 and 
above by the line y Figure 7.1

Solution

derivatives equal to zero: fx = 6x = 0, fy = 4y

and f

3

Figure 7.1
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Next, we analyze the boundary of the region. 

Along the line segment y x f x x2 x2 + 16 = g x
Because g x x, we evaluate g g g

Along the parabola y = x2 x f x, x2 h x x2 + 222 x x2 = 2x4 x2 x
We have x x3 x = 2x x2 x x = 0, 1 .

2

We evaluate these points to obtain h 1 1 ,
2 8

h  and h

Example 2

A water line is to be built from point P to point S and must pass 
through regions where construction costs differ. The cost is 
3 million dollars per kilometer from P to Q, 2 million dollars per 
kilometer from Q to R, and 1 million dollars from R to S. Find 
x and y Figure 7.2

Solution

22, 3 4 2 1 (10 ).C x y x y x y

The partial derivatives are

2 2

2

2( )3
4 1

2( ) 1.
1

x

y

y xxC
x y x

y xC
y x

32 21.414, 1.284.
2 3 2

x y

These values yield the minimum cost 32 2, 17.39.
2 3 2

C

You can verify that this is a minimum by the second partials test or by analyzing the values 
on the boundary. It is instructive to compare this minimum with other values for x and y: 
C C 104 C 5

A Ry

Q
C

Sy

BP

x

2 2

1 1

Figure 7.2
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Study Tips

analyze the function values on the boundary of the region.

When solving an applied optimization problem, make sure that your answer is indeed a maximum 

Pitfalls

the points are indeed in the region.

Calculating partial derivatives is a calculus skill. But setting those derivatives equal to zero and 

1. Find the absolute extrema of the function f x, y x2 xy + 5 on the region R x, y x
y

2. Find the absolute extrema of the function f x, y x y on the triangular region in the xy-plane 

3. x y + z = 3. Hint: To simplify the 
computations, minimize the square of the distance.

4. Find three positive integers such that their product is 27 and their sum is a minimum.

5. Show that a rectangular box of given volume and minimum surface area is a cube.

6. If Vx = 108y xy y2 and Vy = 108x x2 xy x, y Vx = Vy = 0 implies that x = y = 18.

7. If 
2 2

23
4 1

x
y xxC

x y x
 and 

2

2 1,
1

y
y xC

y x
x x y

Cx = Cy = 0 implies that 2
2

x  and 3 2 .
3 2

y

Problems
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Linear Models and Least Squares Regression
Lesson 8

Topics

The least squares regression line.

Application to systolic blood pressure.

Nearly vertical data.

x1, y1 x2, y2 xn, yn least squares regression line f x ax + b is  
given by

  
1 1 1

2
1 12

1 1

1, .

n n n

i i i i n n
i i i

i i
n n i i

i i
i i

n x y x y
a b y a x

n
n x x

Summary

 

real-life models of data sets that are nearly linear. After we show an application to systolic blood pressure, we 

Example 1

Solution

For this example, n = 4, and we have the following sums.

4 4

1 1

4 4
2

1 1

3 1 0 2 2, 0 1 2 3 6.

0 1 0 6 5, 9 1 0 4 14.

i i
i i

i i i
i i

x y

x y x
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So, the slope is 

1 1 1
2 2

2

1 1

4(5) ( 2)(6) 20 12 32 8 ,
56 4 52 134(14) ( 2)

n n n

i i i i
i i i

n n

i i
i i

n x y x y
a

n x x

and the y-intercept is 

1 1

6(13) 168 94 471 1 1 16 2 .
4 13 4 13 4 13 26

n n

i i
i i

b y a x
n

The least squares regression line is 8 47
13 26

f x ax b x . 
Figure 8.1

Example 2

The ages x y of a man 
are shown in the graph. Find the least squares regression line 
for this data. Then, use the line to approximate the change in 
systolic blood pressure for each 1-year increase in age. 

Figure 8.2

Solution

Using a graphing utility, you obtain the line y = 1.6x + 84. 
From the slope, you see that the systolic blood pressure 
changes by approximately 1.6 for each 1-year increase in age.

Study Tips

The formula for the least squares regression line is 
derived by minimizing the sum of the squares of the 
differences between the data and the line:

2 2

1 1

n n

i i i i
i i

S f x y ax b y .

Most graphing utilities have built-in capabilities for calculating the least squares regression line. For 
Example 1, your calculator will give the very accurate approximation y = 0.61538x + 1.80769.

trigonometric functions.

1 2 3 4

1

2

3

4

y f x

x

= ( )
= +8

13
47
26

Figure 8.1

10 20 30 40 50 60 70 80

100
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y = 1.6x + 84

(16, 109)
(25, 122)

(39, 150)
(45, 165)

(49, 159)

(64, 183)
(70, 199)

Figure 8.2
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Pitfalls

The least squares regression line is not a good approximation for nearly vertical data. For example, for 
y = 1.5. 

If your data is not nearly linear, you might want to use a different least squares model. For instance, if 
the data seems quadratic, you might use a second-degree polynomial to approximate the data. 

1.

2.

3.

4.

5. An agronomist used four test plots to determine the relationship between the wheat yield y
x

x, y

to estimate the yield for a fertilizer application of 160 pounds per acre.

6. A store manager wants to know the demand y for an energy bar as a function of price x. The daily sales for 
three different prices of the energy bar are as follows.

x, y

Problems
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Vectors and the Dot Product in Space
Lesson 9

Topics

Vectors in space.

The dot product of two vectors.

The angle between two nonzero vectors.

Lines in space.

Vectors in space are denoted by 1 2 3, , ,v v vv  where v1, v2, and v3 are the components of the 
vector. The zero vector is 0, 0, 0 ,0  and the standard unit vectors are 1, 0, 0 ,i 0, 1, 0 ,j

0, 0, 1 .k

The length or magnitude of the vector v is 2 2 2
1 2 3 .v v vv

Two vectors are equal if they have the same components—that is, if they have the same length 
and direction.

Two nonzero vectors u and v are parallel if u = cv for some nonzero scalar c.

The dot product of 1 2 3, ,u u uu  and 1 2 3, ,v v vv  is 1 1 2 2 3 3 .u v u v u vu v

Two vectors are orthogonal

If  is the angle between the two nonzero vectors u and v, then cos .u v
u v

Lines in space: Consider the line L through the point P x1, y1, z1 direction 
vector , ,a b cv . The line L consists of all points Q x, y, z PQ  is parallel to v, 

1 1 1, , , ,PQ x x y y z z t a b c tv. The parametric equations for the line are

x = x1 + at
y = y1 + bt
z = z1 + ct.
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Summary

We extend our knowledge of vectors in the plane to vectors in space. The formulas for length, dot product, and 

new idea with examples.

Example 1

Determine if the points P Q R

Solution

There are at least two ways to solve this problem. You could form the vectors PQ and PR and see if they are 
parallel. Or, you could see if the sum of the distances between two points equals the distance between the third 
pair. To this end, notice that 

 2 2 2

2 2 2

2 2 2

( , ) 2 1 1 2 0 3 19

, 4 1 7 2 6 3 171

, 4 2 7 1 6 0 76.

d P Q

d P R

d Q R

So, we have 19 76 19 2 19 3 19 171PQ QR PR, which implies that the points  
are collinear.

Example 2

Consider the three vectors 3, 1, 2 , 4,0, 2 ,u v  and 1, 1, 2w . We have  
u v u w  
u and w are orthogonal.

Example 3

Find the angle between the vectors 3, 1, 2u  and 4,0,2v .

Solution

The cosine of the angle is cos  = 8 4 .
14 20 70

u v
u v

 

Using a graphing utility and the inverse cosine button, you obtain  = 4arccos 2.069 118.56 .70
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Example 4

2, 4, 4 .v

Solution

Using the formula for parametric equations, we have x = x1 + at = 1 + 2t, y = y1 + bt t, and 
z = z1 + ct t.

Study Tips

Lines in space are described using a point and a direction vector. This is quite different from lines in 
the plane, for which we use slope and y-intercept.

The parametric equations in Example 4 are x = 1 + 2t, y t, and z t. Notice that for 
t t
x, y, z

Pitfall

product of two vectors, which is a vector.

1.

2. Find the length of the vector 1, 3, 4 .v

3.

4. Find the dot product of the vectors 2, 1, 1u  and 1, 0, 1 .v

5. Find a unit vector in the direction of the vector 2, 1, 2 .v

6. Find the angle between the vectors u = 3i + 2j + k and v = 2i j.

7. Find the angle between the vectors u = 3i + 4j and v = 2j + 3k.

Problems
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8. 
3, 1, 5 .v

9. 
0, 6, 3 .v

10. 
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The Cross Product of Two Vectors in Space
Lesson 10

Topics

The cross product of two vectors in space.

Properties of the cross product.

The triple scalar product.

The  of the vectors 1 2 3 1 2 3, ,u u u u u uu i j k  and 1 2 3 1 2 3, ,v v v v v vv i j k  is

1 2 3 2 3 3 2 1 3 3 1 1 2 2 1

1 2 3

.u u u u v u v u v u v u v u v
v v v

i j k
u v i j k

The cross product  × v is orthogonal to  and to v. That is,

0u v u  and 0.u v v

Additional properties of the cross product:

 ×  = 0,  × v v × v + w  × v  × w

The area of the parallelogram having the vectors  and v as adjacent sides is sinu v u v .

The  is the scalar 
1 2 3

1 2 3

1 2 3

u u u
v v v
w w w

u v w .

The volume of the parallelepiped with , v, and w as adjacent sides is .V u v w

The cross product of two vectors in space is a vector, not a scalar. We calculate cross products using a 
determinant formula. One of the most important properties states that the cross product of two nonzero vectors 
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Calculate the cross product of the vectors  = i j + k and v = 3i + j k.

2 1 1 1 1 2
1 2 1

1 2 3 2 3 1
3 1 2

i j k
u v i j k

i j k = 3i + 5j + 7k.

Notice that the cross product is orthogonal to each of the original vectors.

Find the area of the parallelogram having adjacent sides  = i + j + k and 
v = j + k

The cross product of the two vectors is  × v j + k, and the area is 
therefore the length of this vector, 2.u v

Find the volume of the parallelepiped with adjacent sides 
 = i + j, v = j + k, and w = i + k

The triple scalar product is 
1 1 0
0 1 1 2,
1 0 1

u v w  which implies 

x

z

y

u
v

Figure 10.1

w

u

v
Figure 10.2
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Keep in mind that the cross product of two vectors is orthogonal to the original vectors. You can use 

The words “orthogonal” and “perpendicular” mean the same thing. Another term that we will use is 
“normal” in the sense that a vector is normal to a plane.

.
a b

ad bc
c d

1 2
1(4) 2(3) 2.

3 4

 × v = 3i + 5j + 7k
× i + 5j + 7k i j k  × v

 × v × 

Don’t forget the minus sign in front of the j

k.

Find the cross products k × i and i × k

Find the cross product of the vectors 7, 3, 2u  and 1, 1, 5 .v

Find the cross product of the vectors 3, 1, 2u  and 1, 2, 1 .v

i + j + k and j + k is orthogonal to each of these vectors.
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Find a vector orthogonal to the vectors i j + k.

Let 1, 0, 2v  and calculate v × v

Find a unit vector orthogonal to the vectors 1, 2, 0  and 3, 4, 0 .

Find the area of the parallelogram having adjacent sides 3, 2, 1  and 1, 2, 3 .

Find the volume of the parallelepiped with adjacent edges 1, 3, 1 , 0, 6, 6 ,  and 4, 0, 4 .

 

A B C
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Lines and Planes in Space
Lesson 11

Topics

Projections of vectors onto vectors.

Planes in space: Let P x , y , z , ,a b cn
orthogonal to the plane. The consists of all points Q x, y, z PQ  is 
orthogonal to . That is, the dot product is zero: 1 1 1, , , , 0.PQ a b c x x y y z zn

 of the equation of the plane, a x x b y y
c z z

The  of the equation of the plane is ax + by + cz + d = 0.

The  of the vector  onto the vector v is 2proj .v

u v
u vv

The 

The Q not in the plane is 

2proj ,
PQPQ

D PQn

nn
n

n n

where P

and a plane.



Find the general form of the equation of the plane containing the three 
points A B C

0 2, 4 1, 1 1 2, 3, 0AB

2 2, 1 1, 4 1 4, 0, 3 .AC

Their cross product is

2 3 0 9 6 12 9, 6, 12 .
4 0 3

AB AC
i j k

n i j k

Using this normal vector and the point A
a x x b y y c z z x y z
3x y z

x y + 3z x + 3y z = 0.

1 1, 2, 3n
and 2 2, 3, 1 .n

1 2

1 2

1, 2, 3 2, 3, 1 2 6 3 5cos ,
14 1414 14

n n
n n

which implies that 

Find the projection of the vector 5, 10u  onto the vector 4, 3 .v

x

z

y

C

BA

Figure 11.1
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The formula for projection gives

2 2

5, 10 4, 3 50proj 4, 3 4, 3 2 4, 3 8, 6 .
254, 3

v
u vu v
v

Q
x + 3y + z

The normal vector to the plane is 2, 3, 1n . 

y = z P 0 6, 0 0, 0 0 6, 0, 0 .PQ

The distance is 
6, 0, 0 2, 3, 1 12 12

.
4 9 1 14 14

PQ
D

n

n

For the plane ax + by + cz + d
plane, , , .a b cn

3, 2, 4 ,  which is a scalar multiple of 9, 6, 12 .

Two distinct planes are parallel if their normal vectors are scalar multiples of each other. For instance, 
the planes 3x y + z = 6 and 6x y z 1 3, 2, 1n
and 2 6, 4, 2n .

dot product of the normal vectors is zero.

Q and a plane, the choice of the point P in the plane is 

point P

u 5 10,

v 4 3,

proj 8 6,

2 4 6 8 10

2

4

6

8

10

Figure 11.2



 = j.

x t, y t, z t. 

x y z = 7 and x y z = 0.

Determine whether the planes 5x y + z x y + 7z

Determine whether the planes 3x + y z x y z

x y z = 6.

xz
plane and the yz

x + y z = 9.

x y + 5z = 6.
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Curved Surfaces in Space
Lesson 12

Topics

Quadric surfaces.

x0, y0, z0 r x x0 y y0 z z0  = r .

 in space: ax + by + cz + d = 0.

Let C L
to L and intersecting C is called a . C is the , and the parallel lines are 
the .

The general equation of a  is 

Ax  + By  + Cz  + Dxy + Exz + Fyz + Gx + Hy + Iz + J = 0.

z = y . 



 z = y
in the yz x

x y z

We rewrite the equation as follows:

2 2 24 3 12 12x y z

22
2 1

3 4
yx z

2 2 2
1.

4 3 1
y x z

xy
z yz x

traces in the xz y

x y  + z x y z + 3 = 0.

2 2 22 1 1
1.

4 2 4
x y z

y

x

z

4

8

4

yyyyyy

x

z

4

8

444

Figure 12.1

x

z

y

4

4

4
x

z
4

4

Figure 12.2

x

z

y

4

2

2

x

z

y

444

2

22

Figure 12.3
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1 , 0,y z
z

z

revolution 
2

2 2 1 .x y
z

producing graphs of surfaces in space. 

equation z = x xz

y = 5.

y  + z  = 9. 

22 2

1.
16 25 25

yx z

x y z

x y z

x y + z  = 0. 

x  + 9y z x y + 36 = 0. 

x  + y z x y z

x

z

y

2

4

2x

z

y

22

444444444

2

Figure 12.4



z y in the yz
the y

z y in the yz
the z
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Vector-Valued Functions in Space
Lesson 13

Topics

Particle motion.

The unit tangent vector.

Arc length and the differential of arc length.

, , .t f t g t h t f t g t h tr i j k

The 
0

lim
t

t t t
t

t
r r

r .

The derivative of the cross product: d
dt

r u r u r u.

Particle motion

Position: t x t i + y t j + z t k.
v t t x t i + y t j + z t k.

Acceleration: t t x t i + y t j + z t k.
2 2 2

.t t x t y t z tv r

The : .
t

t
t

r
T

r

: 
2 2 2

.
b b

a a
s x t y t z t dt t dtr

The : 
2 2 2

.ds x t y t z t dt t dtr



t ti + sin tj tk.

t ti + cos tj tk and t ti tj. 

1 lnt t
t

r i j k  and 
2 2 .t t tu i j k

 
t t 1

t
t t t t t t = 3t t. 

The derivative is therefore 13 ln 3 .d dt t t t
dt dt t

r u  

Or, we could use the product rule for the dot product, .t t t t t tr u r u r u We will,  

Find the antiderivative of the function 2
1cos 2 2sin

1
t t t

t
r i j k .

1 sin 2 2cos arctan
2

t t t tr i j k C . Notice that the constant of integration is a 
vector, not a scalar.
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4cos 4sin 3t t t tr i j k
and speed.

v t t ti tj + 3k and t t ti tj. 

t tv r
2 2 2

x t y t z t 2 216sin 16cos 9t t 16 9 5.

t ti tj +3tk t . 

2 2 2b

a
s x t y t z t dt

2 2 2 2

0
4sin 4cos 3t t dt

2

0
5 10 .dt

components. That is, if t f t i + g t j + h t k, then the derivative is t f t i + g t j + h t k. 

The derivative vector is tangent to the curve and points in the direction of motion. 

y
x

z

8

Figure 13.1



1 4sin 4cos 3 .
5

t
t t t

t
r

T i j k
r

C, which is a vector.

The constant of integration C

Calculate the derivative of the function 
21 16 .
2
tt t

t
r i j k

Calculate the derivative of the function 3 ,cos3 ,sin 3 .t t t tr

Calculate t tr r  if 2 31 1, , .
2 6

t t t tr

2 .t dti j k

4

0
sec tan tan 2sin cos .t t t t t dti j k

t ti tj tk.

Find the unit tangent vector to the curve 2cos ,2sin ,4 .t t tr

Find the unit tangent vector to the curve t ti + t j + tk

Find the arc length of the space curve t ti tj + 3tk t

Find the arc length of the space curve 2sin ,5 ,2cost t t tr t .
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Kepler’s Laws—The Calculus of Orbits
Lesson 14

Topic

Kepler’s laws.

 

Kepler’s second law: A line joining a planet and the 

Newton’s second law of motion: F = m . 

Newton’s law of gravitation: 3
GMm

r
F r . 

F is the gravitational force on the planet, 
M m is the mass of the planet, 
G is a constant, and r r  is the length of the 
position vector.

Sun

planet

Figure 14.1

Figure 14.2
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 = u i + u j + u3k and v = c  = cu i + cu j + cu3k are parallel vectors, then 

 
1 2 3 2 3 3 2 1 3 3 1 1 2 2 1

1 2 3

0.c u u u u cu u cu u cu u cu u cu u cu
cu cu cu

i j k
u u i j k  

From Newton’s second law of motion and the law of gravitation, 

 3 3 .GMm GMm
r r

F a r a r

This means that  and  are parallel, so their cross product is zero, 0.r r r a  

 0.d
dt

r r r r r r  

Because the derivative is zero,  ×  × L
orthogonal to this constant vector L. That is, the vector  lies in a plane orthogonal to L.

Prove Kepler’s second law.

cos sinrr i j . 

Then, we have rr  and sin cosd dr
dt dt
rr i j . We calculate the cross product of  and  

its derivative:

 

2 2 2 2

cos sin 0
sin cos 0

cos sin .

dr r
dt

r r

d dr r
dt dt

i j k
r r

k k
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2 dr
dt

r r k  and  × L, which implies that 2 .dr
dt

r r L

and 

1 1

0 0

2 2
1 0

1 1 1 1 .
2 2 2 2

t t

t t

dA r d r dt dt t t
dt

L L

t0, t
the areas swept out are the same, which proves Kepler’s second law.

a P a3 = 0.05800 and 
P

P

22

2 2 1,yx a b
a b

, is a a

Recall the formula for area in polar coordinates: 21
2

A r d .

e
a

.
1 sin

edr
e

Find the value of d. Then, use the fact that c = ea

1 9 ,
51 cos 9 5cos9

r

where r

 = 
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Directional Derivatives and Gradients
Lesson 15

Topics

Directional derivatives.

Properties of the gradient.

Let  = cos i + sin j f x and y.  
The  of f in the direction of  is 

  , , cos , sin .x yD f x y f x y f x yu

Let z = f x, y  of f is the vector 
, , , ,x yf x y f x y f x y f x ygrad i j .

Theorem: , , .D f x y f x yu u  

Theorem: , , cos ,D f x y f x yu  where 
vector 

f x0, y0 0 0, ,f x y 0  then 0 0,f x y  is orthogonal 
x0, y0
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Find the directional derivative of 2 21( , ) 4
4

f x y x y
cos sin .

3 3
u i j

, , cos , sin 2 cos sin .
2x y
yD f x y f x y f x y xu

We have ,
3

x y 3 311, 2 2 1 1 1.866.
2 2 2

D fu

Find the gradient of the function f x, y y x + xy

The partial derivatives are 2,x
yf x y y
x

 and , ln 2 .yf x y x xy

2, , , ln 2x y
yf x y f x y f x y y x xy
x

i j i j. 

221, 2 2 ln1 2(1)(2) 6 4
1

f i j i j.

2 2( , , ) 4f x y z x y z  is

, , ( , , ) ( , , ) ( , , ) 2 2 4 .x y zf x y z f x y z f x y z f x y z x yi j k i j k

2, 1, 1 4 2 4 .f i j k

Consider a level surface through this point 
f
is orthogonal to the level surface through the point 

2 2 2 214 1 1 .
4

x y z z x y

x

z

y22 4

2

4

4x
y22 4

2

4
Figure 15.1
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 = 0, then the directional derivative is just the partial 
derivative fx x, y fy x, y

Furthermore, the function f

Find the directional derivative of the function f x, y x xy + 9y at the point P
of 3 4 .

5 5
v i j

Find the directional derivative of the function f x, y ex siny at the point P
v i.

Find the directional derivative of the function f x, y, z x  + y  + z  at the point P
of v = i j + k.

Find the gradient of the function f x, y x + 5y

Find the gradient of the function z x y

Find the gradient of the function f x, y, z x y z

f x, y x xy

f x, y, z xy z

Find a normal vector to the level curve f x, y x y = 6 at the point P

x, y 2 2 .xT
x y

 Find the direction of greatest increase 
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Tangent Planes and Normal Vectors to a Surface
Lesson 16

Topics

Normal vectors to surfaces.

Tangent planes to surfaces.

F x, y, z , ,a b cn  
x0, y0, z0

determines the  to the surface. The equation of the tangent plane is  
a x x0 b y y0 c z z0

  0 0 0 0 0 0 0 0 0 0 0 0, , , , , , 0x y zF x y z x x F x y z y y F x y z z z .

The level surface F x, y, z  
F x, y, z x  + y  + z  

F x, y, z x  + y  + z x  + y  + z  = 9. 

The gradient of the function is , , 2 2 2 ,F x y z x y zi j k  

1, 2, 2 2 4 4 .F i j k

Find the equation of the tangent plane to the surface z = x  + y  at 

yyy
xx

zzz

22

2 222

Figure 16.1
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F x, y, z f x, y z = x  + y z and consider the level surface 
F x, y, z x  + y z = 0. 

The gradient is , , 2 , 2 , 1F x y z x y , and 1, 1, 2 2, 2, 1F . This vector is normal to the surface at 

Using this normal vector and the given point, we have 
x y z

x y z

Consider the surface x, y F x, y, z f x, y z. 

x0, y0, z0

0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0
0

.

x y z

x y

x y

F x x F y y F z z
f x y x x f x y y y z z
z z f x y x x f x y y y

0 0 0 0, ,x yz f x y x f x y y.

0 0 0, ,F x y z
x0, y0, z0

z = f x, y
F x, y, z f x, y z

y
x

z

2

4

2 2
y

x
2 2

(1, 1, 2)
2

(1, 1, 2)

Figure 16.2
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A function F x, y, z

Find a unit normal vector to the surface 3x y z

Find a unit normal vector to the surface x  + y  + z

Find a normal vector to the surface z x sin y

Find a normal vector to the surface z = x3

Find an equation of the tangent plane to the surface z = x  + y

Find an equation of the tangent plane to the surface f x, y y
x

Find an equation of the tangent plane to the surface x z  = y

Find an equation of the tangent plane to the surface x y  + z

z x y  + 6y at which the tangent plane is horizontal.

1 1z xy
x y

 at which the tangent plane is horizontal.



Lagrange Multipliers—Constrained Optimization
Lesson 17

Topics

Lagrange multipliers.

Lagrange’s theorem: Let f and g f
x0, y0 g x, y k 0 0, 0,g x y

such that 0 0 0 0, , .f x y g x y  is called a .

f x, y xy, where x, y

 
22

2 2( , ) 1.
3 4

yxg x y

The gradients are , 4 4f x y y xi j  and 2, .
9 8

yxg x y i j  

We solve the equation , , ,f x y g x y  which implies that 24 4 .
9 8

yxy xi j i j  

24 ,
9
xy 4 ,

8
yx  and 

22

2 2 1.
3 4

yx  
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18 .y
x

 

2 2218 94 4 .
8 8 4 9 16
y y y y yxx x

x x
 

2 2 22
2 2

2 2 1 1 2 16 8.
16 163 4

y y yx y y  

Thus, we have 2 2y  and 2 2 3 29 9 98 .
16 16 2 2

x y x  

With these values of x and y 3 2 3 2, 2 2 4 2 2 24.
2 2

f

C  

f x, y, z xyz,  
g x, y, z xy xz yz  

Using Lagrange multipliers, we have

 , , , ,f x y z g x y z

 3 4 3 4 4 4 .yz xz xy y z x z x yi j k i j k

 yz = y z  
 xz = x z  
 xy = x y  
 3xy xz yz

x = y z = 9, and 3 .
2

xyz

 
or constraints.

x

y

z

z

Figure 17.1
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22

2 2, 1,
3 4

yxg x y
22

2 2, 1 0.
3 4

yxg x y

The technique of Lagrange multipliers can fail 0 0, 0.g x y

f x, y x  + y
x y x and y are positive.

f x, y x y
y x  = 0. Assume that x and y are positive.

f x, y x xy + y
x + y x and y are positive.

f x, y, z x  + y  + z
x + y + z x, y, and z are positive.

f x, y, z xyz
x + y + z x, y, and z are positive.

x + y

y = x
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Applications of Lagrange Multipliers
Lesson 18

Topics

Applications of Lagrange multipliers.

Lagrange’s theorem: Let f and g f
x0, y0 g x, y k 0 0, 0g x y

such that 0 0 0 0, ,f x y g x y  is called a .

When light waves traveling in a transparent medium strike the surface of a second transparent 

. 

Let v  and v

1 2

1 2

sin sin
v v

.

Medium 1

Medium 2

d1

d2
2

1

a = x + y

x y

P

Q

Figure 18.1
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V x, y, z xyz
to the constraint g x, y, z x y z
multipliers, we have

2 2
( , , ) , , .

V yz xz xy
g
V x y z g x y z

i j k
i j k

yz = 
xz
xy
x y z

third equations, xz  and xy , we have xz = xy z = y yz =  and 
xy yz  = xy x z y = z, x y z

x y z
y y y = 6y

y x = 36, z

Consider the .

The distance from P to Q is 2 2 2 2
1 2d x d y . 

Because speed = distance/time, we have time = distance/speed, which is what we want to minimize. 

2 22 2
21

1 2
,

d yd x
T x y

v v
g x, y x + y = a. 

z

y
x

Figure 18.2

Medium 1

Medium 2

d1

d2
2

1

a = x + y

x y

P

Q

Figure 18.3
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Using Lagrange multipliers, 

, ,T x y g x y

2 2 2 2
1 1 2 2

.yx
v d x v d x

i j i j

2 2
1 1

x
v d x

2 2
2 2

y
v d y

.x y a

2 2 2 2
1 1 2 2

.yx
v d x v d y

1 2 2
1

sin x
d x

 and 2 2 2
2

sin ,y
d y

1 2

1 2

sin sin .
v v

The technique of Lagrange multipliers can fail if 0 0, 0g x y .

3 1
4 4, 100 ,f x y x y

where x y

this manufacturer.

f x, y x y x x  + y

The volume of an ellipsoid 
22 2

2 2 2 1yx z
a b c

 is 4 .
3

abc a + b + c, show that the ellipsoid 

V0

x + y + z
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Iterated Integrals and Area in the Plane
Lesson 19

Topics

Iterated integrals.

Iterated integrals and area.

Reversing the order of integration.

Iterated integrals are of the form 2

1
,

d h y

c h y
f x y dx dy  and 2

1
,

b g x

a g x
f x y dy dx .

We now turn to the theory of integration for multivariable calculus. We begin with iterated integrals, which 
are nothing more than repeated simple integrals. We show how an iterated integral can be used to calculate the 
area of a planar region. We end the lesson by studying how you can reverse the order of integration. In fact, for 
some iterated integrals, you must reverse the order of integration.

Calculate the iterated integral 
4

2 1
2

x
xy dy dx .

First, we evaluate the integral in the brackets with respect to y, and then we integrate the result with respect to x.

 
44 24 4 42 3

2 1 2 21
2

2 64 8 4 2 54
4 2

xx x xxy dy dx xy dx x x dx .

 

bounded by the graphs of f x  x and g x  x  

between 
4

x  and 5 .
4

x
5π
4

π
4

f (ff x(( ) = sinx

g (x) = cosx

Figure 19.1
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We have the following:

5 sin4

cos4

5 sin4
cos

4

5
4

4

5
4

4

sin cos

cos sin 2 2.

x

x

x

x

A dy dx

y dx

x x dx

x x

2

2 4

0 y
dx dy.

We know that y2 x
bounded on the left by 2x y y x
and on the right by x

y
shown in .

22 2

0

y

x
e dy dx. Then, evaluate the integral 

by reversing the order of integration.

The region of integration is shown in .

Reversing the order, we have 
2 22 2 2

0 0 0
.

yy y

x
e dy dx e dx dy

Although the original integral could not be evaluated using the 
fundamental theorem of calculus, the new integral can easily be 
evaluated using substitution. 

The answer is 4
1 11 .
2 e

4

2

Figure 19.2

2 4

2

4

y = x

Figure 19.3
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Iterated integrals are similar to partial derivatives in that you integrate with respect to one variable 

, 2xf x y xy , then 2, , 2 .xf x y f x y dx xy dx x y C y

Notice that the “constant of integration” is a function of y.

Iterated integrals are usually written without brackets or parentheses. For instance, the iterated 

4 4

2 1 2 1
2 2 .

x x
xy dy dx xy dy dx

Representative rectangles can be very useful in describing the region of integration.

For area computations, the outer limits of integration must be constants. For instance, the following 
iterated integral is incorrect: 

2

4

0
.

x

y
dx dy

the following integral is incorrect: 
0

.
x

y dx

Evaluate the integral 
0

2 .
x

x y dy

Evaluate the integral 
2

1
.

y y dx
x

Evaluate the iterated integral 
1 2

0 0
.x y dy dx

Evaluate the iterated integral 2 1

0 0
cos .y x dy dx

Evaluate the iterated integral 
3

2 21 0

4 .
y

dx dy
x y

2,x y x y
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Evaluate the iterated integral 
2

2

1 1

0 1
.

y

y
dx dy  

 Then, reverse the order of integration and evaluate the resulting iterated integral.

Evaluate the iterated integral 
2

2 1

0
.

x
dy dx  

 Then, reverse the order of integration and evaluate the resulting iterated integral.

Evaluate the iterated integral 
21 2

0 2
4 .y

x
e dy dx

Evaluate the iterated integral 
2

2 4

0
sin .

y
x x dx dy



Double Integrals and Volume
Lesson 20

Topics

Double integrals and volume.

Properties of double integrals.

Average value.

Properties of double integrals:

  , ,

, , , , .
R R

R R R

cf x y dA c f x y dA

f x y g x y dA f x y dA g x y dA

Let f be integrable over the plane region R of area A. The  of f over R is 

  1 ,
R

f x y dA
A

.

We continue our study of integration of functions of two variables. We show that the volume of a solid  
can be represented by a double integral. These double integrals have many of the same properties as  
single integrals. Although the motivation for double integrals was area and volume, we will see in upcoming 
lessons that there are many more applications of such integrals. We end the lesson with the familiar topic of 
average value.

Calculate the volume below the surface z y and above the rectangle given by 0  x  y  2.
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The volume is given by the double integral 
4 2

0 0
( , ) 6 2

R

f x y dA y dy dx. 

We evaluate the integral as follows:

4 2 4 42 42
000 0 0 0

6 2 6 8 8 32y dy dx y y dx dx x .

The double integral for the volume under the surface z y2 y2

,
2
xy x y

2

2 1 2

0
sin .

x
V y dy dx Reverse the order of integration.

The region of integration is a triangle, and the given integral uses  

If instead we use horizontal representative rectangles, we obtain  
the integral 

2

2 1 1 22 2

0 0 0
sin sin .

x

y
V y dy dx y dx dy

second integral is straightforward. The answer is cos1 1 0.4597.

Find the average value of 1,
2

f x y xy over the rectangular region R

4 3

0 0

1 1 1,
12 2

R

f x y dA xy dy dx
A

.

3
2

.

z = x y

x

z

y

Figure 20.1

y

x

1

2

(2, 1)

y x

x y
2
2

Figure 20.2



Double integrals do not only represent areas and volumes. We will see many other applications in 
upcoming lessons.

It is very helpful to draw the region of integration together with a representative rectangle.

1 2 2

0 0
sin cos(1) 1

y
y dx dy

2

2 1 2

0
sin 0.4596976941.

x
y dy dx

Remember that the outer limits of integration must be constants, and the variable of integration can 

reasons: 
2

2 1 2sin .
xy

y dx dy

the integrand, sin y2, does not have an elementary antiderivative.

Find the volume of the solid bounded by the surface 
2
yz x y

Find the volume of the solid bounded by the surface z xy and above the triangle bounded by  
y x, y x

z xy, z y x,  
and x

x2 + y2 + z2 r2.

y x2

and z x2.

Evaluate the iterated integral 
1 22

2

1

0 y

xe dx dy  by switching the order of integration.

Evaluate the iterated integral 2
2

2 2

0
cos

x
y y dy dx  by switching the order of integration.
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Find the average value of the function f x, y x  

Find the average value of the function f x, y x + y  
, 

2

0 0

y
x y dy dx  invalid?
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Double Integrals in Polar Coordinates
Lesson 21

Topics

Polar coordinates.

Double integrals in polar coordinates.

Conversion formulas:

  x r cos , y r sin 

  2 2 2 , tan .yx y r
x

Double integrals in polar coordinates: Let R be a planar region consisting of all points 
, cos , sinx y r r  satisfying g r g2 . 

 Then, 2

1
, cos , sin .

g

g
R

f x y dA f r r r dr d

In this lesson, we develop double integrals in polar coordinates. This conversion is especially useful if the 

polar coordinates and then develop the formula for a double integral in polar coordinates. In this case, the 
differential of area, dA, becomes r dr r factor. We illustrate these ideas with area and 

Use polar coordinates to describe the region in .

The region is a quarter circle of radius 2: , : 0 2, 0 .
2

r r
x

y

1

2

21
Figure 21.1
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Evaluate the double integral 
22 4

0 0

y
y dx dy  by converting to polar coordinates. 

The region is a quarter circle of radius 2. 

In polar coordinates, the integral becomes 
22 4 22

0 0 0 0
sin

y
y dx dy r r dr d .

This integral is easy to evaluate because the limits of integration are constants:

2322 2

0 0 0
0

2 2
00

sin sin
3

8 8sin cos
3 3
8 80 1 .
3 3

rr r dr d d

d

area of the region bounded by the polar graph r . 

6 6
, 

where 0 3cos3 .r

3cos36

06

93 .
4

A r dr d

2 22z x y  and bounded below by the cone 2 2 .z x y

2

3

θ π=
6

θ π= −
6

r = 3 3cos θ

Figure 21.2
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the equations:

2 2 2 2

2 2 2 2

2 2

2 2

2

2
2 2 2

1.

x y x y

x y x y
x y

x y

In polar coordinates, the equations are 

2 2 22 2z x y r  and 2 2 .z x y r

The volume is therefore 

2 1 2

0 0
2 .V r r r dr d

The evaluation requires substitution, and you obtain 

4 2 1
.

3
V

The area of a polar sector is A r r . Hence, the differential of area in rectangular coordinates, 
dA dydx dxdy becomes rdr  in polar coordinates.

In polar coordinates, area is given by .
R R

dA r dr d

The r value can be negative in polar coordinates.

Remember that the differential of area in polar coordinates is dA rdr . Don’t forget the r.

z x y= − −2 2 2

z x y= +2 2

x y2 2 1+ =

z

y
x

Figure 21.3
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Evaluate the iterated integral 
23 9

0 0

x
x dy dx  by converting to polar coordinates.

Evaluate the iterated integral 
22 4 2 2

2 0

x
x y dy dx  by converting to polar coordinates.

Evaluate the iterated integral 
22 2

0 0

x x
xy dy dx  by converting to polar coordinates.

equation r .

equations r r

r . 

by z xy and x2 + y2

2 2 ,z x y z
and x2 + y2

2 216z x y  and outside the cylinder x2 + y2

r  and outside the 
circle r
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Centers of Mass for Variable Density
Lesson 22

Topics

Mass.

Moments.

Centers of mass for variable density.

If the planar lamina given by the region R has variable density x, y  is 

  ,
R

m x y dA .

The  with respect to the x y

  , , ,x y
R R

M y x y dA M x x y dA .

If m is the mass of the lamina, the x y , .xy MM
m m

 

In this lesson, we apply our knowledge of double integrals to the calculation of mass and centers of mass.  
The formula for mass is the double integral of the density function. The formulas for the moments with 

integrals than Cartesian coordinates.

 
x, y x, y x + y.  

y

x 
321

1

2

3

R

(0, 3) (2, 3)

(0, 0)

y = 3

x y2
3

Figure 22.1
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The boundaries of the triangular region are x y x 2 .
3
y  

Using a horizontal representative rectangle, the mass is 

 
23 3

0 0
2 2 10.

y

R

m x y dA x y dx dy

y x2 if the density at the 
x, y x, y

The mass is 

 
2 22 4 2 24 2

02 0 2 2

23

2

1 4

8 8 324 8 8 .
3 3 3 3

x xm dy dx y dx x dx

xx

By symmetry, the center of mass lies on the y My

The moment about the x
22 4

2 0

256
15

x

xM y dy dx . 

y
256

815 ,
32 5

3

xM
m

x y 80, .
5

x, y y.

The mass is 
22 4

2 0

5122
15

x
m y dy dx . By symmetry, My

The moment about the x
22 4

2 0

81922 .
105

x

xM y y dy dx  



y
8192 16105

512 715

xM
= =

m
. 

x y 160, .
7

Notice that the balancing point has moved up a bit from the previous 

Usually, density is mass per unit of volume. But for planar laminas, density is mass per unit of  
surface area.

The formulas for center of mass are equivalent to those studied in elementary calculus. 

The setup of the problem is the most important step. Calculating the resulting integrals can be  
done by hand or by using computers and graphing calculators.

The formula for Mx involves y, and the formula for My involves x x  
involves y y involves x.

x y x, y xy.

x y 21 x  if the density is x, y xy.

density is x, y y.

density is x, y x.

Find the mass and center of mass of the lamina bounded by y ,x y x
x, y y.

y

x
2

4

16
7
8
5

Figure 22.2
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Find the mass and center of mass of the lamina bounded by y x2, y x  
x, y xy.

Find the mass and center of mass of the lamina bounded by x2 + y2 x y if the density is 
x, y x2 + y2



Surface Area of a Solid
Lesson 23

Topics

The differential of arc length and the differential of surface area.

Let the function f represent a smooth curve on the interval ,a b . The  between a and b is 

  
2

1 .
b

a
s f x dx

If a piece of arc length is rotated about the x  of the resulting surface of 
revolution is 

  
2

2 1 .
b

a
A f x f x dx

If a piece of arc length is rotated about the y  of the resulting surface of 
revolution is 

  
2

2 1
b

a
A x f x dx.

The  is 

2
1ds f x dx.

For a surface given by z f x, y R in the xy  is 

  
2 2

1 , ,x y
R

S f x y f x y dA.

The  is 

  
2 2

1 , ,x ydS f x y f x y dA.
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The formula for surface area is similar to that of arc length. Both involve an important differential: the 
differential of arc length and the differential of surface area. After a brief review of arc length and surfaces 
of revolution, we present the general formula for surface area of graphs of functions of two variables. 

Find the surface area of the plane z x y

We have fx x, y fy x, y

221 1 1 1 3x ydS f f dA dA dA .

2 2
1 , , 3 3x y

R R R

S f x y f x y dA dA dA. 

Using a vertical representative rectangle, 
2 2

0 0
3 2 3.

x
S dy dx

f x, y x2 + y that lies above 

The partial derivatives are fx x, y x and fy x, y

2 2

2

2

1 , ,

1 4 1

2 4 .

x y
R

R

R

S f x y f x y dA

x dA

x dA

x

z

y
1

2

1 2

1

2 (0, 0, 2)

(2, 0, 0)
(1, 1, 0)

(0, 2, 0)

z x y 

Figure 23.1
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x x y x. Hence, the integral for 
surface area becomes 

 
1 12 2

0 1
2 4 2 4 .

x

x
R

S x dA x dy dx

 2ln 3 2 1.618.
3

S

2 2z x y  that lies above the circular region x2 + y2

The partial derivatives are 
2 2 2 2

and .x y
yxf f

x y x y
 The differential of surface area is 

 
2 2

2 2 2 2

22

2 2 2 2

2 2 2 2

2 2 2 2

1

1

2 2 2( ) 2 .

yxdS dA
x y x y

yx dA
x y x y

x y x ydA dA dA
x y x y

 2 2 2 Area of circle 2 2.
R R R

S dS dA dA

Notice the similarity between the differential of arc length and the differential of surface area:

ds
2

1 f x dx  differential of arc length

  dS
2 2

1 , ,x yf x y f x y dA  differential of surface area.

y

x

1

1

y x

y = x

R x
x y x

Figure 23.2
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.
R

S dS

cone of height h and radius r is 2 2 .S r r h r h 2.S

r when using polar coordinates: dA rdr .

Find the area of the surface given by f x, y x + 2y over the triangular region R

Find the area of the surface given by f x, y x y over the square region R

Find the area of the surface given by f x, y x y over the circular region R given by 
2 2, : 9 .R x y x y

Find the area of the portion of the plane z x y

z x2 y2

f x, y y + x2 over the triangular region R with 

f x, y x2 y2 over the 
region R given by , : 0 , .R x y f x y

f x, y ex over the region R given by 
, : 0 1, 0 1 .R x y x y

z 2 2 ,k x y k > 0, over the circular region x2 + y2 r2 in 
the xy 2 2 1.r k
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Triple Integrals and Applications
Lesson 24

Topics

Triple integrals.

Changing the order of integration.

Triple integrals and mass.

Mass in triple integrals: , , .
Q

m x y z dV

calculate the mass of a solid. An important skill with triple integrals is changing the order of integration.  

Evaluate the triple integral 
4 3 2

0 0 0
1 .dz dy dx

evaluated double integrals,

4 3 2 4 3 2

00 0 0 0 0
4 3

0 0
4 3

00
4

0
4

0

2

2

6

6 24.

dz dy dx z dy dx

dy dx

y dx

dx

x

2

34
x

z

y

2

34
x y

Figure 24.1
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1 2 1

0 0 0
.

y
dz dx dy  Then, rewrite the integral in the order dy dz dx.

The limits of integration determine the shape of the solid. 

Because z y y z, 
1 2 1 2 1 1

0 0 0 0 0 0
.

y z
dz dx dy dy dz dx

below by the surface z x2 + y2 and above by z x2 y2. 

the equations equal to each other:

2 2 2 2 2 2 2 22 2 2 2 1z x y x y x y x y .

The region of integration is the unit circle. The volume is 

2 2 2

2 2 2

1 1 2

1 1
.

x x y

x x y
V dz dy dx

cylindrical coordinates.

x, y, z
distance to the origin.

x

z

y
1

2

1

z y

Figure 24.2

z

y

x

2

1

11

z

y

x

22222222

1

11

Figure 24.3
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The density is x, y, z k x2 + y2 + z2

1 1 1 2 2 2

0 0 0
, , .

Q

m x y z dV k x y z dz dy dx

k.

4 3 2 4 3 2

0 0 0 0 0 0
1 .dz dy dx dz dy dx

dz dy dx, dz dx dy, 
dy dz dx, dy dx dz, dx dy dz, dx dz dy.

It is worth repeating that the setup of a problem is more important than the actual integrations. 

Remember that the variable of integration cannot appear as a limit of integration. The following triple 
integral is incorrect: 

1 2 1

0 0 0
.

z
dz dx dy

Evaluate the triple integral 
5 2 1

0 0 0
.dy dx dz  What does this represent?

Evaluate the triple integral 
3 2 1

0 0 0
.x y z dx dz dy

Evaluate the triple integral 
1 1 1 2 2 2

1 1 1
.x y z dx dy dz

and the plane z x y.

z x2, z y y x.

z x2 y2 and z

x y + 6z x y z
density is x, y, z
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x y + 5z x y z
density is x, y, z y.

Rewrite the iterated integral 
21 0

0 1 0

y
dz dy dx  using the order dy dz dx.

Rewrite the iterated integral 
4 12 3 6

2 44

0 0 0

x x y

dz dy dx  using the order dy dx dz.



Triple Integrals in Cylindrical Coordinates
Lesson 25

Topics

Cylindrical coordinates.

Conversion formulas.

Triple integrals in cylindrical coordinates.

The differential of volume in cylindrical coordinates.

Applications of triple integrals in cylindrical coordinates.

Let P x, y, z r, , z r, 
coordinates of the projection of the point onto the xy z coordinate is the same.

Conversion formulas:

  x r cos , y r sin , z z

  r2 x2 + y2, tan ,y
x

z z.

The  in cylindrical coordinates is dV .

These coordinates are especially useful for representing cylindrical surfaces and surfaces of revolution. 
The conversion formulas are similar to the conversion formulas between polar coordinates and Cartesian 

r factor, dV .

Convert the point 5, , 4, , 3
6

r z  to Cartesian coordinates.
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We use the conversion formulas: 35cos 4cos 4 2 3,
6 2

x r 5 1sin 4sin 4 2,
6 2

y r
and z

The Cartesian coordinates of the point are , , 2 3, 2, 3 .x y z

Convert the point , , 1, 3,2x y z  to cylindrical coordinates.

We have r2 x2 + y2 r 3tan 3,
1

y
x

 which gives .
3

n
Of course, z

, , 2, , 2
3

r z
or 4, , 2, , 2 .

3
r z

The surface c

Find the volume of the solid bounded below by z x2 + y2 and above 
by z x2 y2

The intersection of the two paraboloids is obtained by setting the 
equations equal to each other: 

z x2 y2 x2 + y2 x2 + 2y2 x2 + y2

Converting to cylindrical coordinates, z x2 y2 r2 and 
z x2 + y2 r2. 

The volume is 
2

2

2 1 2

0 0
.

r

r
Q

V dV r dz dr d

x

z

y
x

z

y
θ = c

Figure 25.1

z

y

x

2

1

11

z

y

x

222222222

1

11

Figure 25.2



This integral is easy to evaluate:

2

2

2 1 2

0 0

2 1 2 2

0 0

2 1 3

0 0

142 2

0
0

22

0 0

2

2 2

2

1 1 .
2 2

r

r
V rz dr d

r r r dr d

r r dr d

rr d

d

three dimensions.

When converting from one coordinate system to another, you can always check your answer by 
converting back to the original coordinates.

write 5, , 4, , 3
6

r z  and , , 2 3, 2, 3 .x y z

The cylindrical coordinates of a point are not unique. In particular, the r
.

r in the differential of volume, dV .

r, , z

r, , z ,
4

x, y, z 2 2, 2 2, 4  to cylindrical coordinates.

Find an equation in cylindrical coordinates for the rectangular equation x

Find an equation in rectangular coordinates for the cylindrical equation r2 + z2
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Find an equation in rectangular coordinates for the cylindrical equation r . 

Verify that 
2 2

1 1

2

3
22 2 2

1 20 0

42 .
3

R R r

R
V r dz dr d R R  

Convert the integral 
2

2 2 2

2 4 4

2 4

x

x x y
x dz dy dx  to cylindrical coordinates.

 
by z x and below by z x2 + 2y2.

 
x2 + y2 + z2 z2 x2 + y2.
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Triple Integrals in Spherical Coordinates
Lesson 26

Topics

Conversion formulas.

Triple integrals in spherical coordinates.

The differential of volume in spherical coordinates.

Applications of triple integrals in spherical coordinates.

Let P x, y, z , ,  is the distance 
from P to the origin,  is the same angle as used in cylindrical coordinates, and  is the angle between 
the positive z OP .

Conversion formulas:

  r  sin , z  cos 

  x r cos  sin  cos 

  y r sin  sin  sin 

  2 x2 + y2 + z2  2 2 2x y z  

  tan y
x

 

  cos 
2 2 2

.z z
x y z

 

The  in spherical coordinates is dV 2 sin . 
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apply them to the calculation of volumes and mass. For spherical coordinates, the differential of volume is a bit 
complicated: dV 2 sin .

Convert the point , , 4, ,
6 4

 to Cartesian coordinates.

We use the conversion formulas:

 32sin cos 4sin cos 4 6
4 6 2 2

2 1sin sin 4sin sin 4 2
4 6 2 2

2cos 4cos 4 2 2.
4 2

x

y

z

Hence, the Cartesian coordinates are , , 6 , 2 , 2 2 .x y z

x, y, z

We have 2 2 2 24 0 0 4x y z , 0tan 0 0
4

y
x

,  

and cos 0
2

z . 

Therefore, , , 4,0,
2

x

z

y

e, , , ,θ φ π( ) = ⎛
⎝
⎜ ⎞

⎠
⎟4 0

2

x y z, , , ,( ) = ( )4 0 0

Figure 26.1
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The surface c

the sphere x2 + y2 + z2 2 2z x y

The intersection of the two surfaces is obtained by setting the 
equations equal to each other: 

2 2 2 2 2

2 2 2 2 2 2 2

2 2

2

1 1.

x y z z x y

x y z x y x y

x y z

Converting to spherical coordinates, 

2 2 2 22 2x y z  and 1cos 1 2 cos cos
42

z . 

0 2 ,0 ,0 2
4

. The volume is 

2 24 2

0 0 0

4sin 2 1
3

Q

V dV d d d .

You are asked to verify this integration in Problem 7.

write , , 4, ,
6 4

 and , , 6 , 2 , 2 2x y z .

yc
x

z

Figure 26.2

z x y= − −2 2 2

z x y= +2 2

x y2 2 1+ =

z

y
x

Figure 26.3
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 and  is the same angle as in polar 
coordinates for r

origin in spherical coordinates, but it is a point on the y

Don’t forget the complicated differential of volume in spherical coordinates, dV 2 sin . 

Convert the point , , 12, , 0
4

 to rectangular coordinates.

Convert the point 3, , 5, ,
4 4

 to rectangular coordinates.

Convert the point , , 2, 2 3, 4x y z  to spherical coordinates.

Find an equation in spherical coordinates for the rectangular equation z

Find an equation in rectangular coordinates for the spherical equation .
6

Convert the integral 
2 2 2

2

2 4 2 4

2 4 2

x x y

x
x dz dy dx  to spherical coordinates.

Verify that 
2 24 2

0 0 0

4sin 2 1 .
3

Q

V dV d d d

x2 + y2 + z2 2 2 ,z x y  and above the xy

.

proportional to the distance of the point to the z
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Vector Fields—Velocity, Gravity, Electricity
Lesson 27

Topics

A  over a planar region R is a function F that assigns a vector x, y R.

A  over a solid region Q is a function F that assigns a vector x, y, z Q.

m
x, y, z  m2

1 2
2 2 2, , .Gm mx y z

x y z
F u

Here, G is the gravitational constant, and u x, y, z

q x, y, z
a particle of charge q2

1 2
2, , c q qx y zF u

r
.

F is f
fF .

Theorem: Let M and N R
given by x, y Mi + Nj is conservative if and only if .N M

x y
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x, y yi + xj.

x, y yi + xj
i j j
i + 0j i
i + 2j.

x, y xi + yj.

x, y xi + yj
i + j

i j
i + 2j.

x

y Vector field:
F(x, y) = yi + xj 

Figure 27.1

x

y

Figure 27.2



The gradient of a function f

2
2, ,

2
yf x y x y  then 2, , , 2x yf x y f x y f x y xy x yi j i j

x, y

x, y x y i x + 2y j is conservative with potential f x, y x2 xy + y2 
because fF .

x, y x2yi + xyj is not conservative because 2 ,M x y  2 ,M x
y

 ,N xy  ,N y
x

 and x2 y.

x, y xyi x2 y j.

2M x
y

 and 2 .N x
x

 

f x, y 2, 2f x y xy x yi j. That is, fx x, y xy and  
fy x, y x2 y. 

 2, , 2 .xf x y f x y dx xy dx x y g y

Integrating the second equation,

 
2

2 2, , ( ).
2y
yf x y f x y dy x y dy x y h x

From these two versions of the function f, we have 

 
2

2, .
2
yf x y x y K
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vector to each point in the domain.

. 
Given xi + yj + zk F 2, , kx y zF u

r
.

are conservative.

the gradient of the potential. 

2
2 2, 2 ,

2
yf x y x y K xy x yi j  which is the original 

,fF  keep in mind that f is a function of two or three variables, 
whereas F

answer has a true constant.

x, y i + j and compute .F

x, y, z i + j + k and compute .F

x, y y2 yi xj

x, y
2 2
1

x y
i j  is conservative.

f x, y 2 21 .
4

x y

f x, y, z xyz.

 f x, y, z 2
.xz ye



x, y yi + xj.

x, y 2 2 2 2 .yx
x y x y

i j

x, y x2y2i + 2x yj.
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Curl, Divergence, Line Integrals
Lesson 28

Topics

The x, y, z

  
curl , ,

, , .

P N P M N Mx y z
y z x z x y

x y z
x y z

M N P

F i j k

i j k

F

F

The x, y, z div , , .M N Px y z
x y z

F F

Let C t x t i + y t j, a t b

f
2 2

, , .
b

C a
f x y ds f x t y t x t y t dt

2 2 2
.ds x t y t z t dt
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( ) ( ) ( )

2 2

2 2 2 2

curl ( , , )

2 2

2 22 2

2 2 0 0 2 2 .

x y z
x y z x y z

M N P xy x z yz

y z x yx z
xy yzx z yz xy x z

z z x x

∂ ∂ ∂ ∂ ∂ ∂= =
∂ ∂ ∂ ∂ ∂ ∂

+

∂ ∂ ∂ ∂∂ ∂
∂ ∂ ∂ ∂∂ ∂= − +
+ +

= − − − + − =

i j k i j k

F

i j k

i j k 0

 

x, y, z x3y zi + x zj + x yk

We have 3 2 2 2div , , .M N Px y z x y z x z x y
x y z x y z

F  

2 2 2 2div 3 0 0 3 .x y z x y zF
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2 3 ,
C

x y z ds C t ti tj + tk t

We ds 1, 2, 1,x t y t z t

2 2 2 2 2 21 2 1 6ds x t y t z t dt dt dt

12 2

0

5 63 2 3 6
6C

x y z ds t t t dt

t ti tj + tk t
x, y, z z

We have t ti tj + k 2 2sin cos 1 2 .ds t t dt dt

6

0
1 1 2 6 2 3 1 .

C
z ds t dt

curl .F F

f x, y, z x y + yz  + K

curl ,F 0
x, y xi + yj

x, y yi xj

div .F F

y

x

z

Figure 28.1
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 or 

C

2 2 2
ds x t y t z t dt

x, y, z xyzi + xyzj + xyzk

x, y, z ex yi ex yj

x, y yi + xj F k

x, y, z zi xj yk

x, y, z xy z i + x yz j + x y zk

x, y x i y j

x, y, z xi yj + z k

,
C

xy ds C t ti + 3tj t

2 2 2 ,
C

x y z ds C t ti tj k t .
2

6

0
1 2 6 2 3 1 .t dt
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More Line Integrals and Work by a Force Field
Lesson 29

Topics

Let C t x t i + y t j, a  t  b F
vector T  of F

  , .
b

C C a
d ds x t y t t dtF r F T F r

The .dW ds dF T F r

x, y Mi + Nj .
C C

d M dx N dyF r

Let C cos sin , 0 ,
2

t t t tr i j x, y xi + 4yj
.

C

dF r
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We have ,
b

C a
d x t y t t dtF r F r sin cos .t t tr i j

, 3 4 3cos 4sin .x y x y t tF i j i j

2

0

2

0

2 2
2

0
0

,

3cos 4sin sin cos

3cos sin 4sin cos

sin 1sin cos .
2 2

b

C a
d x t y t t dt

t t t t dt

t t t t dt

tt t dt

F r F r

i j i j

1 1 1, ,
2 2 4

x y z x yF i j k
cos sint t t tr i j k

sin cos .t t tr i j k t

1 1 1 1 1 1, , cos sin .
2 2 4 2 2 4

x y z x y t tF i j k i j k

3

0

3

0

33

0 0

1 1 1cos sin sin cos
2 2 4

1 1 1sin cos sin cos
2 2 4

1 1 3 .
4 4 4

b

C a
W d t dt

t t t t dt

t t t t dt

dt t

F r F r

i j k i j k

y

x

t = π
2

t = 0

r i jt t t

t

( ) = +

≤ ≤

cos sin

0
2
π

Figure 29.1
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2 ,
C

y dx x dy C y = 4x x

We have y = 4x x   dy x dx x

 
12 2 2

4

1 2 3

4

4 4 2

4 3 2 .

C
y dx x dy x x dx x x dx

x x x dx

 

69 .
2

C

f x, y, z

x, y Mi + Nj, 
.

b

C a C
d t dt M dx N dyF r F r
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,
C

dF r x, y xi + yj C
t ti + tj t

,
C

dF r x, y xi + 4yj C
t ti + 24 ,t j t

,
C

dF r x, y, z xyi + xzj + yzk C
t ti + t j tk t

,
C

dF r x, y, z xi + yj zk C
t ti tj + tk t

x, y xi yj
C x = t, y = t3

x, y, z yzi + xzj + xyk
C

23 ,
C

y x dx y dy C x t, y = 10t t

23 ,
C

x y dy C x t, y = 10t t

,
C

dF r x, y x i + xyj C t ti t j, 
t

t t i t j, 
t
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Fundamental Theorem of Line Integrals
Lesson 30

Topics

The C R 
t x t i + y t j, a  t  b F = Mi + Nj M N f a 

F

  , , .
C C

d f d f x b y b f x a y aF r r

The curve t x t i + y t j + z t k, a t b

a b

F
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x, y xyi + x j
the path y = x

t ti + tj t .dt
dt
rr i j  

x, y xyi + x j t t i + t j t i + t j

 
1 1 12 2 2 3

00 0
2 3 1.

C
W d t t dt t dt tF r i j i j

,
C

dF r C  
x, y xyi x y j

 
2 21,

2
f x y x y y  

 
2 2 21, 2 ( ) , .

2
f x y x y y xy x y x yi j F  

 

22 2 2

, ,

1, 2 1, 4

1 11 2 2 1 4 4 4.
2 2

C C
d f d

f x b y b f x a y a

f f

F r r  
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,
C

dF r C
x, y, z xyi x  + z j yzk

The curl of F f x, y, z x y + yz

2 22 20, 2, 3 1,1, 0 0 2 2 3 1 1 1 0 17.
C C

d f d f fF r r

Calculate ,
C

dF r x, y y3 i xy j C

1 cos sin ,0t t t tr i j

sin cost t tr i j

3 2

0

4 2

0

sin 1 3 1 cos sin 1 sin cos

sin sin 3 1 cos sin cos cos .

C
d t t t t t dt

t t t t t t dt

F r i j i j

f x, y xy3 + x + y

2, 0 0, 0 2 0 2.
C C

d f d f fF r r

C1

C2 (2, 0)(0, 0)

C t t t1 1: cos sinr i j( ) = −( ) +

C t t2: r i( ) =
1

2
y

x
1 2

Figure 30.1
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C t ti t

x, y y3 i xy j = i + j ,tr i

2

2 2 2

00 0
1 2

C
d dt dt tF r i j i

f x, y x y

21,1 0, 0 (1 )(1) 0 1 0 1.
C C

d f d f fF r r

( ) ( ) ( )

, , .

b b

a a

C C

f x dx F x dx F b F a

d f d f x b y b f x a y aF r r

2 21,
2

f x y x y y K K

x, y ex yi + ex yj

x, y 2
1 x
y y

i j

x, y, z y zi x zj + xy
z

k



116

Le
ss

on
 3

0:
 F

un
da

m
en

ta
l T

he
or

em
 o

f L
in

e 
In

te
gr

al
s

2 22 ,
C

xy dx x y dy C
22

1
25 16

yx

2 22 ,
C

xy dx x y dy C y x

,
C

yz dx xz dy xy dz C t ti j + tk t

,
C

yz dx xz dy xy dz C t t i + tj + t k t

cos sin sin cos ,
C

x y dx x y dy C  

to 3 , .
2 2

x, y
2

2
2x x
y y

i j

x, y 2 2 2 2

y x
x y x y

i j

C
dF r C x y
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Green’s Theorem—Boundaries and Regions
Lesson 31

Topics

C
R

  .
C

R

N MM dx N dy dA
x y

Let R
y = x y = x

Let C

Calculate 2 2 .
C

y dx x dy

2 2 ,
C C

y dx x dy M dx N dy x, y Mi + Nj = y i + x j

2 2 .N Mx y
x y

y

x

1

1

C1

C2

y = x

y = x2

(0, 0)

(1, 1)

R

Figure 31.1
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 2 , 0 1
.

2 2 ,1 2
t t t

t
t t t

i j
r

i j

C1
2 , 0 1, 2 .t t t t t tr i j r i j  

x = t, dx = dt, y = t , dy tdt

 

1

1 22 2 2 2

0

1 4 3

0

15 4

0

2

2

1 1 7 .
5 2 5 2 10

C
y dx x dy t dt t t dt

t t dt

t t

 

C t t i t j t tr i j

x t, dx dt, y t, dy dt

 
2

2 2 22 2

1

2 2

1

23

1

2 2

2 2 ( )

2 2 2 20 .
3 3 3

C
y dx x dy t dt t dt

t dt

t

 

 2 2 7 2 1
10 3 30C

y dx x dy

 .
R

N M dA
x y
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2 , 2 ,MM y y
y

2 , 2 .NN x x
x

 
2

2

1

0

1 2

0

1 2 2 3 4

0

1 2 3 4

0

13 4 5

0

2 2

2

2 2

2

1 1 1 1 .
3 2 5 3 2 5 30

x

x
R

x

x

N M dA x y dy dx
x y

xy y dx

x x x x dx

x x x dx

x x x

 

.
C

R

N MM dx N dy dA
x y

force x, y y3i x3 + 3xy j

 3 3 2

2 2 2 2

2 3 2

0 0

3

3 3 3 3

3 cos .

C

R

R R

W y dx x xy dy

N M dA
x y

x y y dA x dA

r r dr d

 

 
342 3 22 2

0 0 0
0

2 22

0 0

2

0

3 cos 3 cos
4

81 243 1 cos 23 cos
4 4 2

243 sin 2 243 243(2 ) .
8 2 8 4

rW r r dr d d

d d
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Calculate 3 23
C

y dx xy dy C

23 .M Ny
y x

3 23 0.
C

y dx xy dy

C
dF r C

,N M
x y

0.
C

R

N MM dx N dy dA
x y

C
R

2 2 ,
C

y dx x dy C
y = x .y x

2 ,
C

y x dx x y dy C
225y x 29 .y x

2 ,
C

y x dx x y dy C
x , y

y

x

C

Figure 31.2
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e y dx e y dy C  

x  + y

x, y xyi x + y j
x  + y

3
2, 3 6 5x y x y x yF i j
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Applications of Green’s Theorem
Lesson 32

Topics

C
R

  .
C

R

N MM dx N dy dA
x y

M N 1.N M
x y

1
C

R R

N MM dx N dy dA dA
x y

 = area of R

R C
1 .
2 C

A x dy y dx

x1, y1 x , y xn, yn

1 2 2 1 2 3 3 2 1 1 1 1
1 .
2 n n n n n nA x y x y x y x y x y x y x y x y

curl .
C C

R R

N Md M dx N dy dA dA
x y

F r F k
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C

y x dx x y dy C
y = x y = x x

x = x x  3x x  = 0 x x x

We have 2 2NN x y
x

1.MM y x
y

2 1 1.N M
x y

2 2

3 3

0 2 0 2

3 32 2

0 0

32 3

0

2 1

2 3

3 27 99 .
2 3 2 2

C
R

xx

x x x x

y x dx x y dy dA

dy dx y dx

x x x dx x x dx

x x

22

2 2 1.yx
a b

cos , sin , 0 2 .x a t y b t t sindx a t dt cos .dy b t dt

y

x

(3, 3)

(0, 0)

R

y x

y x x= −2 2

Figure 32.1

y

x

x
a

y
b

2

2

2

2 1+ =

R

a
b {{

R

a
b {{

Figure 32.2
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2

0

2 2 2

0

2 2

00

1
2

1 cos cos sin sin
2

cos sin
2

1 .
2 2

C
A x dy y dx

a t b t b t a t dt

ab t t dt

ab abdt t ab

0(0) 0(2) 2(2) 3(0) 3(4) 1(2) 1(1) ( 1)(4) ( 1)(0) 0(1)
0 4 10 5 0 19.

19 .
2

a = b

1 2 2 1C
x dy y dx x y x y , 

C x1, y1 x , y

z

y

Figure 32.3
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y = 5x y = x

Calculate 2 2C

y dx x dy
x y

C

Let C x1, y1 x , y

1 2 2 1.
C

x dy y dx x y x y

that 0
C

f x dx g y dy f g C



Le
ss

on
 3

3:
 P

ar
am

et
ric

 S
ur

fa
ce

s 
in

 S
pa

ce

Parametric Surfaces in Space
Lesson 33

Topics

u v

  u, v x u, v i + y u, v j + z u, v k

  , , , ,

,

, .

u

v

u v x u v y u v z u v

yx zu v
u u u

yx zu v
v v v

r i j k

r i j k

r i j k

A N = v × u

The .u v
D

A dAr r

The .u vdS dAr r



u, v ui uj + vk u v

x, y, z x u, y u
x  + y

, .
2
vu v u vr i j k

y z

z = x  + y
u, v ui + vj u  + v k

u = i uk, v = j vk

v × u ui vj k
N i + 4j k

x y z
x + 4y z

x

z

y

4

x
y

Figure 33.1

x

z

y

1

1
1

2

2

y = 2z

r i j ku v u v v,( ) = + +
2

x

z

y

1

1
1111

2

2

y = 2z

r i j ku vjj v( )u v, +iui
2

Figure 33.2

x

z

y

6

8

x

y

6

Figure 33.3
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u, v u vi u vj uk u v

 = 4  
 

 u u vi u vj uk

v u vi u vj

sinu v ur r

2

0 0
sin 4 .u v

D

dA u du dvr r

t ti tj + tk t
u, v ui + vj u  + v k u v

z = f x, y
x, y xi + yj + f x, y k

 z = f x, y
x, y xi + yj + f x, y k

x
f
x

r i k .y
f
y

r j k  

x y
f f
x y

r r i j k
22

1.x y
f f
x y

r r

 

N1 = v × u N  = u × v N1

v × u ui vj k  

u × v ui vj + k



u, v ui u + v j + vk

u, v u vi + u vj + uk

u, v u + v i u v j + vk

u, v u vi + 3u vj + u k

u, v ui vj + vk u v

u, v ui uj + vk u
v

u, v u vi u vj uk u v

u u vi u vj uk

v u vi u vj

sin .u v ur r
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Surface Integrals and Flux Integrals
Lesson 34

Topics

S z = g x, y f x, y, z S R
S xy f g, the 

  22, , , , , 1 .x y
S R

f x y z dS f x y g x y g g dA

The 
221 .x ydS g g dA

u, v x u, v i + y u, v j + z u, v k

, , , , , , , ,
S S

f x y z dS f x u v y u v z u v dS

, ,u vdS u v u v dAr r

S N S

Let z = g x, y G x, y, z z g x, y G

, ,
,

, ,
G x y z
G x y z

N



131

u, v x u, v i + y u, v j + z u, v k

,v u

v u

r rN
r r

Let x, y, z Mi + Nj + Pk S
N  of F S .

S

dSF N

 z = g x, y G x, y, z z g x, y

G ( ) ( )x yG g gi j k
22 1.x yG g g

, ,
,

, ,
G x y z
G x y z

N
22 1 .x ydS g g dA

22, ,
1 , , .

, ,
x y

G x y z
dS g g dA G x y z dA

G x y z
N

z = g x, y

2 2 ,
S

y yz dS

S 13 .
2

z x y

1, 1, , .
2x yg x y g x y

22 1 9 31 1 1 .
4 4 2x ydS g g dA dA dA dA

x

z

y

(0, 0, 3)

(3, 0, 0)

(0, 6, 0)

z x y= − −( )1
2

6 2

SS

Figure 34.1
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2 2

2 2

1 32 2 3
2 2

36 2
2

36 2 3 3 .
2

S R

R

R R

y yz dS y y x y dA

y y xy y dA

y xy dA y x dA

R

3 6 2

0 0

2433 (3 ) 3 3 .
2

x

R

y x dA y x dy dx

S z = 2 29 .x y
x, y, z z

2 29x
xg

x y 2 29y
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x y

22
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2 2 2 2

2 2 2 2

2 2 2 2

1

1
9 9

9 3 .
9 9
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yx dA
x y x y

x y x y
dA dA

x y x y

2 2

2 2
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9

32 9 6 .
9

S R

R R

x y z dS z dA
x y

x y dA dA
x y

R 26 6 3 54 .
R

m dA

x

z

y

z x y= − −9 2

e = 2z

Figure 34.2
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2 2 ,
S

y yz dS S

1, 3 .
2

u v u v u vr i j k

u = i k 1 .
2vr j k

1 ,
2u vr r i j k 3 .

2u vr r

2 2 1 3 2432 2 3 .
2 2 2

S R

y yz dS v v u v dA

Let S z = g x, y x y xy

x, y, z xi + yj + zk

,
S

dSF N

We have G x, y, z z g x, y z x y

, , (2 2 ) .dS G x y z dA x y dAN i j k

2 2

2 2 2 2

2 2

4 2 2

2 2 4

4 .

S R

R
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dS x y x y x y dA

x y x y dA

x y dA
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Figure 34.3
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242 2

0
0

2

0

4 4

4

2
4

(8 4) 24 .

R

x y dA r r dr d

r r dr d

rr d

d

S .F N

2 ,
S

x y z dS S z x x y

,
S

xy dS S z = h x y 24 .x

3 2 3

0 0

2433 3 .
2

x
y x dy dx

5 ,
S

y dS S u, v ui + vj vk, 
u v

,
S

xy dS
z

S z = x  + y , 
x  + y
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,
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Divergence Theorem—Boundaries and Solids
Lesson 35

Topics

Let Q S N  
Let x, y, z
The 

  div .
S Q

dS dVF N F

F F

E
0S

QdSE N

Q 0
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Let Q z x y
the xy

x, y, z zi + xj + y k

S1 x  + y N1 k

1 1

2 2
1 2 .

S S R R

dS dS z x y dA y dAF N F k i j k k

2 2 22

0 0

242 2 23 2 2

0 0 0
0

2 22

0 0

2

0

sin

sin sin
4

1 cos 24sin 4
2

sin 22 2 2 4 .
2

R

y dA r r dr d

rr dr d d

d d

S z x y G = z x y

2 2 2

, , 2 2
4 4 1, ,

G x y z x y
x yG x y z
i j kN

22
2

2 2
2 2

, ,
1

, ,

2 2 4 4 1 (2 2 ) .
4 4 1

x y

G x y z
dS g g dA

G x y z

x y x y dA x y dA
x y

N

i j k i j k

2

2 2
2 (2 ) 2 2 4 2 .

S R R

dS z x y x y dA xz xy y dAF N i j k i j k

x

z

y

S z x y2
2 24: = − −

S z1 0:

R x y: 2 2 4+ ≤

N1 k

N2

Figure 35.1
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2

2

2 4 2

2 4
4 2 4

y

y
xz xy y dx dy

1 2

1 2 4 4 0.
S S S

dS dS dSF N F N F N

F

2div 2 0.z x y
x y z

F

div 0 0.
S Q Q

dS dV dVF N F

S

dSF N x, y, z xi + yj + zk x  + y  + z

F

34div 3 3 volume of sphere 3 2 32 .
3

S Q Q

dS dV dVF N F

div .
S Q Q

dS dV dVF N F F

z

y

x y z2 2 2 4+ + =
z

yy

x y z2 2 2 4+y2y =

x

Figure 35.2
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to the xy k k

x, y, z xi yj + z k x = 0, x
y = 0, y z = 0, z

S

dSF N
div .

Q

dVF

x, y, z xzi + zyj z k z x y
z

S

dSF N div .
Q

dVF

2

2

2 4 2

2 4
4 2 4 ,

y

y
xz xy y dx dy z x y

,
S

dSF N x, y, z x i + y j + z k

S x = 0, x = 1, y = 0, y = 1, z = 0, z

,
S

dSF N x, y, z xi + y j zk S
x  + y z z

x, y, z ai + bj + ck 0,
S

dSF N V
S
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Stokes’s Theorem and Maxwell’s Equations
Lesson 36

Topics

.
b

a
F x dx F b F a

F f

, , , , .
C C

d f d f x b y b z b f x a y a z aF r r

.
C C

R

N Md M dx N dy dA
x y

F r

div .
S Q Q

dS dV dVF N F F

Let S N C
Let x, y, z

curl .
C

S

d dSF r F N

E S Q

S
0

,
S

QdSE N 0

0
,E

B 0.B

E B
t
BE

E B J
.

t
EB J
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C C

Let S z x y
xy C

x, y, z zi + xj + y k

x  + y
curl .

C
S

d dSF r F N

G x, y, z z g x, y z x y , , 2 2 .G x y z dA x y dAi j k

22, ,
1 , , .

, ,
x y

G x y z
dS g g dA G x y z dA

G x y z
N

x, y, z zi + xj + y k

2

curl 2 2 .

2

y
x y z
z x y

i j k

F i j k

curl 2 2 2 2

4 4 1 4 .

S R

R

dS y x y dA

xy y dA

F N i j k i j k

x

z

y

S z x y2
2 24: = − −

R x y: 2 2 4+ ≤

N (upward)

Figure 36.1
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C 2cos 2sin 0 ,0 2t t t tr i j k 2sin 2cost t tr i j

We have 2cos ,x t  2sindx t dt , 2sin , 2cosy t dy t dt z x, y, z zi + xj + y k,

 

2

2

0

2 2

0

2

0 2cos (2cos ) 0

4cos 4 .

C C

C

d M dx N dy P dz

z dx x dy y dz

t t dt

t dt

F r  

curl 4 .
C

S

d dSF r F N

Let x, y, z yzexi + zexj + yexk C 0
C

dF r

F curl 0.

x x x

x y z
yze ze ye

i j k

F  Therefore, curl 0.
C

S

dS dF N F r

 
0 0 0

1 1div .
S D D D

dS dV dV dV QE N E

, , 2 2dS G x y z dA x y dAN i j k

  
22 22

0 0 0

1 cos 2 sin 24cos 4 2 4 .
2 2

t tt dt dt t
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curl 0.
C

S

d dSF r F N

C

x, y, z y + z i x z j x y k S
z x y , z (curl )

S

dSF N

,
C

dF r 2 2, , arctan lnxx y z x y
y

F i j k
C

,
C

dF r x, y, z xyzi + yj + zk S
z = x x y N

x, y, z i + j k (curl ) ,
S

dSF N S

2 2 2 2, , .x y z y x y x x yF i j (curl ) ,
S

dSF N S
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Solutions

Lesson 1

1. By the chain rule, 3 31 12 3 3 .
2

x xf x e e
x x

2. 2 2
00

cos sin sin sin 0 1.
2

x dx x

3. 4 1, 0 2 5, 2 5 2 .v i j

4. 3cos t and 3sinx y t  implies cos and sin .
3 3

yxt t

By the fundamental trigonometric identity, we have 
22

2 2 2 2cos sin 1 9.
9 9

yxt t x y  This is the 
equation of a circle of radius 3 centered at the origin.

5. 2 26 6 12 6 2 6 2 1 .f x x x x x x x  Setting this derivative equal to zero yields the 
critical numbers x = 1 and x

. Hence, 
.

6. The distance is 
22 26 1 2 2 2 4 25 0 36 61.

7. The midpoint is 4 8 0 8 6 20, , 6, 4,7 .
2 2 2

8. 2 2 2 2 22 20 2 5 2 2 5 4.x y z x y z

9. 1 3 41, 3 ln 3 ln 3 .f e e

10. , 0 3cos 0 sin 0 3 1 0 3.g
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Lesson 2

1. 0, 5, 4 0 5 4 9 3.f

2. The domain is , : 0 and 0 .x y x y  That is, the domain consists of all points in the plane that do not 
lie on either axis.

3. We must have 4 0 4.x y x y  So, the domain is the set , : 4 .x y y x

4. The graph is a plane 4 units above, and parallel to, the xy-plane.

5. The graph is a hemisphere of radius 1 above the xy-plane.

6. x y = c x + 3y c. Hence, the level curves are lines of slope 2 .
3

7. The level curves are hyperbolas of the form xy = c.

8. The level surface is the sphere of radius 3, x  + y  + z  = 9.

9. We complete the square as follows:

 2 22 2 2 22 4 2 1 4 4 5 5 1 2 .z x y x y x x y y x y

Hence, the largest value of z is 5, when x = 1 and y

10. The volume consists of the cylinder and two hemispheres. Hence, we have 

 
2

2 34 3 4 .
3 3

rV r x r x r
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Lesson 3

1. 22

, 2, 1
lim 2 2 2 1 9.

x y
x y

2. 1 2 2

, 1, 2
lim .xy

x y
e e e

3. 
, 1, 1

1 1 11 0lim 0.
1 21 1 1x y

xy
xy

4. . This point is not in the domain of the function.

5. x, y  satisfying x  + y

6. y

y = x, the function equals 
2

2 2
1 .
2

x
x x

1 .
2

 
Hence, the limit does not exist.

7. x = y , the function equals 
2 2 2

2 4 4 4
1 .
2

xy y y
x y y y

 

x y , the function equals 
2 2 2

2 4 4 4
1 .
2

xy y y
x y y y

For any open disk about the origin, there are values of the function equal to 1
2  and other values equal to 

1 .
2

 Hence, the limit does not exist.

8. 2, 5.f f
x y

9. 
1

21, .
2 2

f f xy xy
x y y

10. sin ( ) sin , sin ( ) sin .f fxy y y xy xy x x xy
x y



Lesson 4

1. 5cos5 cos5 , 5sin 5 sin 5 .x yf x y f x y

2. 
2

2
2

1, 1
y y y y y

x x x x x
x y

y yf ye yx e f e ye e
x xx .

3. 2 , 2 .x yg x g y x
y

4. 2 2 3 2 33 , 1, 1, 1 3, , 1, 1, 1 1, 2 , 1, 1, 1 2.x x y y z zf x yz f f x z f f x yz f

5. 2 2 , 2 6 .x yf x y f x y  Differentiating again, 
2, 6, 2, 2.xx yy xy yxf f f f

6. 2tan , sec .x x
x yf e y f e y  Differentiating again, 

2 2 2tan , 2 sec tan , sec , sec .x x x x
xx yy xy yxf e x f e y y f e y f e y

7. We have 2 5 0 2 5.xf x y y x  Next, substitute into the partial with respect to y: 
2 1 2 2 5 1 3 9 0.yf x y x x x  Hence, x = 3 and y = 1.

8. 2 2
1 1, .x yf y f x
x y

 Setting these partial derivatives equal to zero gives 2
1y
x

 and 2
1 .x
y

 

Hence, y = y4  y = 1 and x = 1. Notice that x y

9. 

 2 2 2 2 2 22 2 2 2

2 2, , , .x xx y yy
y xy xyxz z z z

x y x yx y x y

Hence, 
2 2

2 2 2 22 2 2 2

2 2 0.xy xyz z
x y x y x y
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10. 

 2cos , sin , cos , sin .t tt x xxz c x ct z c x ct z x ct z x ct

Hence, 
2 2

2 2
2 2sin .z zc x ct c

t x

Lesson 5

1. 3 2 24 6 .dz xy dx x y dy

2. sin cos .x xdz e y dx e y dy

3. 2 2
1 3 .
3 3 3

x yx zdw dx dy dz
z y z y z y

4. Let 2 , 2, 9, 0.01, 0.02.z x y x y dx dy  

Then, 22dz xy dx x dy  and 2 2 22.01 9.02 2 9 2 2 9 0.01 2 0.02 0.44.

5. Let 2 2sin , 1, 0.05, 0.05.z x y x y dx dy  Then, 2 2 2 22 cos 2 cos ,dz x x y dx y x y dy  

and we have 2 2 2 2 2 2 2 2sin 1.05 0.95 sin 1 1 2 1 cos 1 1 0.05 2 1 cos 1 1 0.05 0.

6. The volume is 2 ,V r h  which implies that 22 .dV rh dr r dh  Hence,

 
2

2
2 2 2 0.04 0.02 0.10.rh dr r dhdV dr dh

V r hr h

7. 2 2 2 2 2 23 3 3 3 3 3cos cos (6 ) 6 cos .x x x x x xdh x e e e e x xe e
dx

8. 2 2 22 2 .t t t t t t tdydw w dx w y e x e e e e e e
dt x dt y dt
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9. 2sin (2 ) sin (0) 2 sin 1 .dydw w dx w x y t x y t t
dt x dt y dt

10. 2 1 .xy xydydw w dx w ye t xe
dt x dt y dt

t = 1, x = 1 and y = 1. Hence, 2 3 .dw e e e
dt

Lesson 6

1. 
2 2 2 2

0 0, 0 0.
1 1x y

yxf x f y
x y x y

.

2. 2 10 0 5, 2 12 0 6.x yf x x f y y .

3. The partial derivatives 1 1
3 32 2 2 2

44 ,
3 3

x y
yxf f

x y x y
x = y

.

4. 2 2 2 22 8 6 20 2 4 4 6 9 20 8 9x y x y x x y y 2 2, 2 2 3 3f x y x y  
.

5. , 0, 0x yf y f x  is the only critical point. 0, 1.xx yy xyf f f  

By the second partials test, 
2

0 1 0,xx yy xyd f f f  is a saddle point.

6. 6 6, 4 4 1, 1x yf x f y  is the only critical point. 6, 4, 0.xx yy xyf f f  

Hence, 
2

6(4) 0 0,xx yy xyd f f f  is a relative minimum.

7. 10 4 16 0, 4 2 0.x yf x y f x y  is the only  
critical point. 10, 2, 4.xx yy xyf f f  

Hence, 
2 2( 10)( 2) 4 0,xx yy xyd f f f  is a  

relative maximum.
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8. 3 32 2 0, 2 2 0.x yf y x f x y  Solving these equations, we see that there are three critical points: 
. 2 26 , 6 , 2.xx yy xyf x f y f  

, 
2

0 0, 0,1xx yy xyd f f f  is a saddle point. 

, 
2

0xx yy xyd f f f  and 0,xxf  is a relative maximum. 

, 
2

0xx yy xyd f f f  and 0,xxf  is a relative maximum.

9. 1 1
3 3

2 2, ,
3 3

x yf f
x y

 is the only critical point. 

Clearly, , 0,f x y  is a relative minimum.

10. Let x and y be the dimensions of the base and z the height. 

The amount of material is 22 2 2 .
2 2

xyxy xz yz z
x y

 

The volume of the box is therefore 2 .
2 2

xyV xyz xy
x y

 

Setting the partial derivatives equal to zero, you obtain x = y and the nontrivial critical point 
6 6, , .

3 3
x y  

By the second partials test, this is a maximum. The corresponding z value is 6 ,
6

 and the maximum 

volume is 6 .
9

11. We have 
2 23 3

4( ) 4( )
C xy Cxy x yV xy

x y x y  So, by the quotient rule, 

 
2 2 2 2 2 2 3 2 2

2 2

4 6 3 4 6 6 3 .
44

x

x y Cy xy Cxy x y Cxy x y Cy xy Cxy x yV
x yx y

 

2 2

2

3 6
.

4
x

y C x xy
V

x y

12. The numerators both equal zero: 2 23 6 3 6 ,C x xy C y xy  which implies that x = y. Using the value 
C 2 2 21296 3 6 0 9 1296 12.x x x x  Hence, the solution is x = y
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Lesson 7

1. 2 4 0, 4 0 0, 0x yf x y f x  is the only critical point, and it lies outside the rectangular region. 
We now analyze the function along its boundaries.

20,1 4: 5, 1, 0 6, 4, 0 21.y x f x f f

22,1 4, 8 5, 2 8 0, 1, 2 2, 4, 2 11.y x f x x f x f f

1, 0 2, 4 6, 1, 0 6, 1, 2 2.x y f y f f

4, 0 2, 21 16 , (4,0) 21, (4,2) 11.x y f y f f

.

2. The function has no critical points. We analyze the function along its boundary.

1, 0 1, 12 3 2 1 5 10.y x x f x x x
is 5. 

2 4,1 2, 12 3 2( 2 4) 4.y x x f x x x  The maximum is 6, and the minimum is 5. 

1 1,0 2,
2

y x x 2 10f x

.

3. , , , , 3 .x y z x y x y  

 to this point is 22 2 3 .S x y x y  

The partial derivatives are 2 2 3 , 2 2 3 .x yS x x y S y x y  

From the equations 0,x yS S . 

The corresponding z-value is 1, and the minimum distance is 22 21 1 1 3.
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4. Let x, y, and z be the three numbers. Because 2727, .xyz z
xy

 

The sum is 27 ,S x y
xy

 and the partial derivatives are 2 2
27 271 , 1 .x yS S
x y xy

 

Setting the partial derivatives equal to zero yields x = 3, y = 3. 

Finally, we have z = 3, and the three numbers are equal, x = y = z = 3.

5. Let x, y, and z be the length, width, and height, respectively, and let V

Hence, .VV xyz z
xy

 The surface area is given by 2 2 2 2 .V VS xy yz xz xy
x y

 

Setting the partial derivatives equal to zero, 2 22 0, 2 0,x y
V VS y S x
x y

 you obtain 
3 .x y z V

6. We have 

 
2108 4 2 108 4 2 0 108 4 2 0y xy y y x y x y  

and 

 
2108 2 4 108 2 4 0 108 2 4 0.x x xy x x y x y  

Setting these two equations equal to each other, you have 4x y x + 4y, which implies that x = y. 

Finally, 108 4 2 108 4 2 0 18.x y x x x y  

7. Because 
2 2

2 2
1 0, 1.

1 1
y

y x y x
C

y x y x
 So, 

2
3 1 0.

4x
xC

x
 

Solving this equation for x, 2 2 2 2 213 4 9 4 .
2 2

x x x x x x  

Knowing this value, you obtain 3 2 .
3 2

y
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Lesson 8

1. 3,n  29, 9, 39, 35.i i i i ix y x y x

2 22

3 39 9 9 36 3 .
24 23 35 9

i i i i

i i

n x y x y
a

n x x

1 1 3 9 39 9 .
3 2 6 2i ib y a x

n

The least squares regression line is 3 3 .
2 2

y x

2. 5,n  213, 12, 46, 51.i i i i ix y x y x

2 22

5 46 13 12 74 37 .
86 435 51 13

i i i i

i i

n x y x y
a

n x x

1 1 37 712 13 .
5 43 43i ib y a x

n

The least squares regression line is 37 7 .
43 43

y x

3. You obtain 175 945 1.1824 6.3851.
148 148

y x x

4. You obtain 29 425 0.5472 1.3365.
53 318

y x x  

5. You obtain 14 19.y x  When 1.6, 14(1.6) 19 41.4x y  bushels per acre.

6. You obtain 300 832.y x  When 1.59, 300(1.59) 832 355.x y
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Lesson 9

1. The component form is 4 3, 1 2, 6 0 1, 1, 6 .  The magnitude is 
22 21, 1,6 1 1 6 38.

2. The length is 2 2 21 3 4 26.

3. 1, 3, 4 ,
1, 1,1 .  Because these vectors are not parallel, the points are not collinear.

4. 2, 1,1 1,0, 1 2(1) ( 1)(0) 1( 1) 1.u v

5. The length of the vector is 4 1 4 3.  

The unit vector in the same direction is 1 1 2 1 22,1, 2 , , .
3 3 3 3 3

v

6. 3(2) 2( 3) 1(0)cos 0,u v
u v u v

 which implies that the angle is 90 .
2

 

The vectors are orthogonal.

7. 3(0) 4(2) 0(3) 8cos .
5 139 16 4 9

u v
u v

 

Using a calculator, we have 8arccos 1.111 63.7 .
5 13

8. The point is P , and the direction vector is 3,1, 5 .v  The parametric equations are 
0 3 , 0 , 0 5 3 , , 5 .x t y t z t x t y t z t  

9. 3 0 , 0 6 , 2 3 3, 6 , 2 3 .x t y t z t x y t z t

10. The direction vector is 3 7, 0 2 , 6 6 10, 2, 0 .v  
x t, y t, z = 6.
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Lesson 10

1. 0 0 1 0 0
1 0 0

i j k
k i i j k j  and 1 0 0 0 0 .

0 0 1

i j k
i k i j k j  

The vectors i and k are orthogonal, and .k i i k

2. 3 2 7 2 7 3
7 3 2 17 33 10 .

1 5 1 5 1 1
1 1 5

i j k
u v i j k i j k

3. 1 2 3 2 3 1
3 1 2 3 5 7 .

2 1 1 1 1 2
1 2 1

i j k
u v i j k i j k

4. 1 1 1 1 1 1
1 1 1 .

1 1 0 1 0 1
0 1 1

i j k
u v i j k j k

The dot product of this vector with the original vectors is zero, showing orthogonality.

 1 1 0, 1 1 0.i j k j k j k j k

5. The cross product of the given vectors will be orthogonal to the two vectors.

 0 0 1 0 1 0
2 1 0 0 2 .

2 1 0 1 0 2
0 2 1

i j k
i j k i j k j k

6. 0 2 1 2 1 0
1 0 2 0.

0 2 1 2 1 0
1 0 2

i j k
v v i j k

The cross product of a vector with itself is always the zero vector.
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7. 
xy-plane, so an orthogonal unit vector is k 

.

8. The area is the magnitude of the cross product.

 2 1 3 1 3 2
3, 2, 1 1, 2, 3 3 2 1 8 10 4 .

2 3 1 3 1 2
1 2 3

i j k
i j k i j k

8 10 4 64 100 16 180 6 5.i j k

9. The volume is the absolute value of the triple scalar product.

 
1 3 1

6 6 0 6 0 6
0 6 6 1 3 1 24 24(3) 24 72.

0 4 4 4 4 0
4 0 4

u v w

10. The following three vectors form adjacent sides of the parallelepiped: 

 3 0, 0 0, 0 0 3, 0, 0 , 0 0, 5 0,1 0 0, 5,1 , 2 0, 0 0, 5 0 2, 0, 5 .

We next form the triple scalar product of these three vectors: 

 
3 0 0

5 1 0 1 0 5
0 5 1 3 0 0 75.

0 5 2 5 2 0
2 0 5

 

11. Form the vectors 3, 8, 2AC  and 1, 1, 3AB . Their cross product 22, 7, 5  is orthogonal  
to the triangle.



Lesson 11

1. The normal vector is 0 0 .n j i j k  

So, an equation of the plane is 0 1 1 3 0 ( 7) 0 3 0.x y z y

2. The normal vector is 2 2 .n i j k  

So, an equation of the plane is 2 1 1 4 2 0 0 2 2 6 0.x y z x y z

3. Let 2, 0, 3u , and let 3, 1, 5v  be the vector 
. 

The normal vector to the plane is their cross product, n = u × v = 3, 19, 2 .  

So, the equation of the plane is 3 0 19 0 2 0 0 3 19 2 0.x y z x y z

4. The angle between the two planes is the angle between their normal vectors, 1 3, 2, 1n   
and 2 1, 4, 2 .n

 1 2

1 2

3 8 2 67cos 1.1503 65.91 .
614 21 7 6

n n
n n

5. The dot product of the normal vectors 1 5, 3,1n  and 2 1, 4, 7n  is zero, so the planes  
are orthogonal.

6. The normal vectors 1 3,1, 4n  and 2 9, 3,12n , so the  
planes are parallel.

7. The direction vector of the line is v = 3i j k. The parametric equations of the line are 
2 3 , 3 2 , 4 .x t y t z t

8. The direction vector of the line is v = k. The parametric equations of the line are 2, 3, 4x y z t .
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9. The normal to the plane is 5,1, 1 .n  The given point is Q , a point in the plane is P , 
and the vector PQ  is 0, 9, 0 .  

Therefore, the distance is 
9 9 3.
27 3 3

PQ
D

n

n

10. The normal to the plane is 3, 4, 5 .n  The given point is Q , a point in the plane is P , 
and the vector PQ  is 1, 3, 1 .  

Therefore, the distance is 
20 20 2 2.
50 5 2

PQ
D

n

n

Lesson 12

1. The surface is a plane parallel to the xz-plane.

2. The x-coordinate is missing, so you have a right circular cylinder with rulings parallel to the x-axis.  
The radius of the cylinder is 3.

3. The surface is an ellipsoid centered at the origin.

4. Rewriting the equation, 
2

2 24 4 1,
4
yx z  we see that this is a hyperboloid of one sheet centered  

at the origin.

5. The surface is a hyperboloid of two sheets centered at the origin.

6. We have y = x  + z , so the surface is an elliptic paraboloid.

7. .

 2 2 2

2 2 2

2 2

2

16 2 1 9 4 4 16 36 16 36

16 1 9 2 16 16

1 2
1.

1 16 9

x x y y z

x y z

x y
z
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8. .

 2 2 2

2 2 2

9 6 9 4 4 9 6 9 4 81 4 81

9 3 2 9 3 0.

x x y y z z

x y z

9. One equation is x  + z  = 4y.

10. One equation is 
2

2 2 ,
2
zx y  or 4x  + 4y  = z .

Lesson 13

1. 2
1 16 .t t

t
r i j k

2. 23 , 3sin 3 , 3cos3 .t t t tr

3. 
3

2 21 1, 1, , 1, 0, (1) ( 1)0 ( ) .
2 2 2

tt t t t t t t t t t tr r r r

4. 22 .t dt t t ti j k i j k C

5. 4 42
00

sec tan tan 2sin cos sec ln cos sint t t t t dt t t ti j k i j k

2 1 12 1 ln 0 0 2 1 ln 2 .
2 2 2

i j k i j k

6. 4 4 2 , 4 4 2 , ,t t t t t t t tr i j k v r i j k a v
2 2 24 4 2 36 6.tv

7. We calculate the derivative and then divide by its length, as follows:

 2sin , 2cos , 0
2sin , 2cos , 0 sin , cos , 0 .

2
t tt

t t t t t t
t

r
r T

r
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8. , t 2 , 0 , 0 2.t tr i j k r i k r

The unit tangent is 
0 2 20

2 220

r i kT i k
r

.

9. 1, 4, 3.x t y t z t  Hence, the arc length is given by 

 
12 2 2 1

00
1 16 9 26 26.

b

a
s x t y t z t dt dt t

10. 2cos , 5, 2sin .x t t y t z t t  Hence, the arc length is given by

 
2 2 2 2 2

0

00

4cos 25 4sin

4 25 29 29 .

b

a
s x t y t z t dt t dt

dt t

Lesson 14

1. The vertices of the ellipse occur when 
2

 and 3 .
2

 So, the length of the major axis is 

 0.967 0.9672 35.88 29.79 .
1 0.967 1 0.967

d da d

So, d  and ed

 1.164 .
1 0.967sin

r

, use c = ea
therefore a c 

2. The area swept out from 
2  

to 
2  

is given by the integral

 
2

22

2

1 1 9 0.90429.
2 2 9 5cos

A r d d

We next apply Kepler’s second law. The time t required to move from position 
2  

to position 
2

 
is given by

 
area of elliptical segment 0.90429 109 days.

661 area of ellipse 5.46507
t t
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Lesson 15

1. , 3 4 9 4 1, 2 5 5 .f x y y x fi j i j  

The vector v is a unit vector, so 3 41, 2 1, 2 5 5 3 4 1.
5 5

D f fu v i j i j

2. , sin cos 1, .
2

x xf x y e y e y f ei j i  

The vector v is a unit vector, so 1, 1, .
2 2

D f f e eu v i i

3. , , 2 2 2 1,1,1 2 2 2 .f x y z x y z fi j k i j k  

The vector v is a not a unit vector, so 3 3 3
3 3 3

vu i j k
v

. 

Finally, the directional derivative is 

 3 3 3 2 31,1,1 1,1,1 2 2 2 .
3 3 3 3

D f fu u i j k i j k

4. , 3 10 2,1 3 10 .f x y y fi j i j

5. 2 2
2 1, 2, 3 4 .xf x y f

x y x y
i j i j

6. , , 6 10 4 1,1, 2 6 10 8 .f x y z x y z fi j k i j k

7. The maximum value is the magnitude of the gradient. So, we have

 , 2 2 2 1, 0 2 2f x y x y x fi j i j  and 1, 0 4 4 2 2.f

8. The maximum value is the magnitude of the gradient. So, we have

 2 2 2 2, , 2 2 2,1,1 4 4f x y z y z xyz xy z fi j k i j k  

and, thus, 

 2,1,1 1 16 16 33.f
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9. The gradient is , 2 3 .f x y i j x + 3y , the gradient 
0, 0 2 3f i j  is normal to this line.

10. The gradient points in the direction of maximum increase in heat. 

Therefore, 
2 2

2 22 2 2 2

2 7 243, 4
625 625

y x xyT T
x y x y

i j i j  is the direction.

Lesson 16

1. Let , , 3 4 12F x y z x y z  and, hence, 3 4 12 .F i j k  

We have 9 16 144 169 13.F  

So, a unit normal vector to this plane is 3 4 12 .
13 13 13

F
F

n i j k

2. Let 2 2 2, , 6F x y z x y z  and, hence, 2 2 2 .F x y zi j k  

We have 1,1, 2 2 2 4F i j k  and 1,1, 2 4 4 16 24 2 6.F  

So, a unit normal vector to this surface is 1 1 2 .
6 6 6

F
F

n i j k

3. Let , , sin 4F x y z x y z  and, hence, sin cos .F y x yi j k  

6, , 7
6

 is 16, , 7 3 3 .
6 2

F i j k

4. Let 3, ,F x y z x z  and, hence, 23 .F x i k  

 is 2, 1, 8 12 .F i k

5. Let 2 2, , 3 .F x y z x y z  We have 2 , 2 , 1.x y zF x F y F  

, 2,1, 8 2,yF
 

2,1, 8 2,yF  and 2,1, 8 1.zF  

So, the tangent plane is 4 2 2 1 1 8 0,x y z x y z
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6. Let , , .yF x y z z
x

 We have 2
1, , 1.x y z

yF F F
xx

 

, 1, 2, 2 2,xF
 

1, 2, 2 1,yF  and 1, 2, 2 1.zF  

So, the tangent plane is 2 1 2 1 2 0,x y z x y + z

7. Let 2 2 2, , 2 .F x y z x y z  We have 2 , 2 , 4 .x y zF x F y F z  

, 1, 3, 2 2,xF
 

1, 3, 2 6,yF  and 1, 3, 2 8.zF  

So, the tangent plane is 2 1 6 3 8 2 0,x y z x y z

8. Let 2 2 2, , 4 36.F x y z x y z  We have 2 , 8 , 2 .x y zF x F y F z  

, 2, 2, 4 4,xF
 

2, 2, 4 16,yF  and 2, 2, 4 8.zF  

So, the tangent plane is 4 2 16 2 8 4 0,x y z x y z = 18.

9. Let 2 2, , 3 6 .F x y z x y y z  We have 2 2 6 .F x yi j k  

x y x y = 3, and 
2 23 0 3 6(3) 12.z , which is the vertex of the paraboloid.

10. Let 1 1, , .F x y z xy z
x y

 We have 2 2
1 1 .F y x
x y

i j k  

The tangent plane will be horizontal if 2
1y
x

 and 2
1x
y

. Thus, 4
2

1x x
y

1, 1, 3.x y z   
.

Lesson 17

1. The constraint is , 2 5 0.g x y x y  2 2 2 .f g x yi j i j

We solve the equations 2 , 2 2 , 2 5 0x y x y  and obtain 2, 1, 2.x y  The minimum value 
is 2 21, 2 1 2 5.f
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2. The constraint is 2, 2 0.g x y y x  2 2 2 2 .f g x y xi j i j

We solve the equations 22 2 , 2 2 , 2 0x x y y x  and obtain 1, 2 , 1.x y   
The maximum value is 2 ,1 2 1 1.f

3. , 2 100.g x y x y  (2 2 ) (2 1) 2f g y xi j i j .

We solve the equations 2 2 2 , 2 1 , 2 100y x x y  and obtain 51, 25, 50.x y   
The maximum value is 25, 50 2(25) 2(25)(50) 50 2600.f

4. , 9.g x y x y z  f g  gives rise to the equations 2 ,2 , 2 , 9.x y z x y z  

Solving these equations, we obtain 6, 3, 3, 3.x y z  The minimum value is 3, 3, 3 27.f

5. , 3.g x y x y z  f g  gives rise to the equations , , , 3.yz xz xy x y z  

Solving these equations, we obtain 1, 1, 1, 1x y z . The maximum value is 1,1,1 1.f

6. We minimize the square of the distance. 2 2,f x y x y  with the constraint , 1 0.g x y x y  
f g  gives rise to the equations 2 , 2 , 1.x y x y  

Solving these equations, 1 11, , .
2 2

x y  The minimum distance is therefore 
2 2 21 1 .

2 2 2

7. We minimize the square of the distance. 22, 3f x y x y  with the constraint 2, 0.g x y y x  
f g  gives rise to the equations 22 2 , 2( 3) , .x x y y x  

If x y f  = 9. If 5 50, 1, , .
2 2

x y x  
25 5 5 1 11, .

2 2 2 2 4
f  

The minimum distance is therefore 11 .
2

8. Minimize , , 5 3 2 2C x y z xy xz yz xy  subject to the constraint , , 480.g x y z xyz
 

C g  gives rise to the equations 8 6 , 8 6 , 6 6 , 480.y z yz x z xz x y xy xyz  

Solving these equations, you obtain 3 34360, 360.
3

x y z  

The dimensions are 3 3 34360 360 360
3  

feet.
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Lesson 18

1. The gradient is 
3 31 1

4 4 4 4, 75 25 .f x y x y x yi j  The constraint is , 150 250 500,000.g x y x y  
So, , 150 250 .g x y i j  Setting f g  produces the system of equations

 1 1
4 4

3 3
4 4

75 150

25 250

150 250 50,000.

x y

x y

x y

Solving these equations, you obtain 250, 50,x y  and 
3

45 0.334.
10

 The maximum production 
level is therefore

 
3 31

4 4 4250, 50 100 250 50 5000 5 16,719 units.f

2. There are two cases. For points on the circle 2 2 10,x y
maximum and minimum values. If y x y = ± 3, and 
value of f . If y f, 

10 , 0 .  For points inside the circle, you can use partial 
. Combining these 

results, f .

3. We want to maximize 4, ,
3

f a b c abc
 
subject to the constraint , , .g a b c a b c K   

Setting f g  produces the equations

 4 4 4, , , .
3 3 3
bc ac ab a b c K

Solving these equations, you obtain .
3
Ka b c  So, the ellipse is a sphere.

4. We want to minimize 2, 2 2A h r rh r  subject to the constraint 2
0, .g h r r h V  Setting 

A g  produces the equations

 2 2
02 4 2 , 2 , .h r rh r r r h V

Solving these equations, you obtain h r and V 3. The dimensions are 03
2
Vr  and 032 .

2
Vh
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5. Minimize the square of the distance 2 2 2, , 2 1 1f x y z x y z  subject to the constraint 
, , 1.g x y z x y z  Setting f g  produces 

 2 2 , 2 1 , 2 1 , 1.x y z x y z

Solving these equations, you obtain x = 1, y = z , and the 
desired distance is 2 2 21 2 0 1 0 1 3.d

Lesson 19

1. 2 2 2 2
00

2 0 2 .
x x

x y dy xy y x x x

2. 
2 2

11
ln ln 2 0 ln 2 , 0.

y yy dx y x y y y y y
x

3. 
21 2 1 1 12 2

00 0 0 00

1 2 2 2 1 2 3.
2

x y dy dx xy y dx x dx x x

4. 
12 212 2 2

0 0 0 0 00

1 1 1cos cos cos sin .
2 2 2 2
yy x dy dx x dx x dx x

5. 
3 3 3 3 3

2 2 11 0 1 1 1
0

4 4 4arctan ln ln 3.
4

y
y xdx dy dy dy dy y

y y y yx y

6. 
2 2 424 2 4 42

00 0 0 0
0

8 84 4 4 .
3 2 3

x x xA dy dx y dx x x dx x x x

7. 
2

2

1 1 1 2

0 1 0
2 1 (area of semicircle).

2
y

y
dx dy y dy  

Reversing the order of integration, 
2 2

2

1 1 1 1 1 2

0 1 1 0 1
1 .

2
y x

y
dx dy dy dx x dx

8. 
222 1 2

0 02 0

1 1.
2 4x
x xdy dx dx x  

Reversing the order of integration, 
11 2 1 2

0 0 0 0
2 1.

y
dx dy y dy y

9. We must reverse the order of integration. 

 
2 2 2 2 2 21 2 2 2 222 4

0 2 0 0 0 00 0
4 4 4 2 1.

yy
y y y y y

x
e dy dx e dx dy xe dy ye dy e e



10. We must reverse the order of integration.

 2

2 4 4 4 4

00 0 0 0 0
sin sin sin sin .

x x

y
x x dx dy x x dy dx y x x dx x x dx  

Next, use integration by parts to obtain 4

0
sin cos sin 4 4cos 4 1.858.x x x

Lesson 20

1. 
224 2 4 4

0 0 0 0
0

4.
2 4
y yV dy dx dx dx

2. 
12 3 2 41 1 1

0 0 0 0
0 0

31 .
2 2 2 8 8

y
y x y y y yV xy dx dy x dy y dy

3. 
1

0 0

1 .
8

x
V xy dy dx

4. 

 
2 2

2 2 2 3

0 0

48 .
3

r r x
V r x y dy dx r

5. 
22 4 2

0 0

2564 .
15

x
V x dy dx

6. Notice that we use integration by parts in the solution.

 
2 2 2 2

11 1 11 2 122 2 2 4
0 0 0 0 02

2 1 .
xx x x x

y e dx dy e dy dx xe dx e e

7. 2

2 2 2 2 2 2

0 0 0 0 02
cos cos 2 cos 2 cos

y

x
y y dy dx y y dx dy y y y dy y y dy

2

0
2 cos sin 2 cos 2 2sin 2 1 .y y y

8. The area of the region is 8. The average value is therefore

 
4 2 4 42

00 0 0

1 1 1Average 2 2.
8 8 8

x dy dx x dx x
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9. The area of the region is . The average value is 

 
2 2 00 0 0

2 2 2 00 0

1 1Average sin cos

1 1 1cos cos 2cos 2sin 0.

x y dy dx x y dx

x x dx x dx x

10. The limits of integration for the inside integral cannot contain the variable of integration, in this case, y.

Lesson 21

1. 
2 333 9 32 2 2

00 0 0 0 0
0

( cos ) cos 9 sin 9.
3

x rx dy dx r r dr d d

2. 
2 242 4 22 2 2

2 0 0 0 0 0
0

4 4 .
4

x rx y dy dx r r dr d d d

3. Note that 2 22 22 1 1 1 1.y x x x x y  

The region is the semicircle given by 2cos , 0 .
2

r
 
So, we have

 
22 2 2cos2

0 0 0 0

2cos2 3

0 0

2cos4
2

0
0

2 5

0

2
6

0

cos sin

cos sin

cos sin
4

4 cos sin

4 2cos .
6 3

x x
xy dy dx r r r dr d

r dr d

r d

d

4. The graph is a circle of radius 3. We have

 
6cos 2

0 0 0 0 0

sin 218cos 9 1 cos 2 9 9 .
2

A r dr d d d
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5. 
422 4 2 2

0 2 0 0
2

6 12 .
2
rA r dr d d d

6. We will calculate the area of one leaf and multiply the answer by 3. 

 
32sin33 3 32

0 0 0 0 0

3 sin 63 4sin 3 3 1 cos 6 3 .
2 6

A r dr d d d

7. The volume is

 1 12 2 3

0 0 0 0

22

0 0

1cos sin sin 2
2

1 cos 2 1sin 2 .
8 16 8

V r r r dr d r dr d

d

8. 
2 5 22

0 0 0

125 250 .
3 3

V r dr d d

9. 

43
22

2 4 2 22

0 1 0 0

1

16
16 5 15 10 15 .

3
r

V r r dr d d d

10. 1 2cos .
3

r

 
2cos3

0 1

32 .
3 2

A r dr d

Lesson 22

1. 
222 2 2 2 22

00 0 0 0
0

2 4.
2

xym xy dy dx dx x dx x

2. 
14 2 212 2

0 0 0
0 0

1 sin 1cos sin cos sin .
4 4 2 8
rm r r r dr d d
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3. We have the following results:

 

9 9 9 9( )

3

0 0

3 2

0 0

3

0 0

4 36

4 81

814
2

, , , , .
8 4 8 4

y

y

x

y

y

y x

m y dx dy

M y dx dy

M xy dx dy

M Mx y x y
m m

= =

= =

= =

⎛ ⎞= = = = = ⎜ ⎟
⎝ ⎠

∫ ∫

∫ ∫

∫ ∫

4. We have the following results:

 

3 9 3 9( )

3

0 0

3

0 0

3 2

0 0

4 18

814
2

4 27

, , , , .
2 4 2 4

y

y

x

y

y

y x

m x dx dy

M xy dx dy

M x dx dy

M Mx y x y
m m

= =

= =

= =

⎛ ⎞= = = = = ⎜ ⎟
⎝ ⎠

∫ ∫

∫ ∫

∫ ∫

5. We have the following results:

 

2 8 2 8( )

1

0 0

1 2

0 0

1

0 0

55
4

25
3

55
6

, , , , .
3 15 3 15

x

x

x

x

y

y x

m y dy dx

M y dy dx

M xy dy dx

M Mx y x y
m m

= =

= =

= =

⎛ ⎞= = = = = ⎜ ⎟
⎝ ⎠

∫ ∫

∫ ∫

∫ ∫

6. We have the following results:

 

12 12( )

2

2

2

2

0 0

2 2

0 0

2 2

0 0

3 16

3 32

1923
7

, 2, , , 2 .
7 7

x

x

x

x

y

y x

m xy dy dx

M xy dy dx

M x y dy dx

M Mx y x y
m m

= =

= =

= =

⎛ ⎞= = = = = ⎜ ⎟
⎝ ⎠

∫ ∫

∫ ∫

∫ ∫



7. We use polar coordinates, as follows:

 

32 32 32

( )

( )

( )

2

2

4 16 422 2 3

0 0 0 0

4 16 422 2 4

0 0 0 0

3 3 96

30723 3 sin
5

by symmetry

, , , .
5 5 5

x

x

x

y x

x

m x y dy dx r dr d

M x y y dy dx r dr d

M M

Mx y x y
m

π

π

θ π

θ θ

π π π

−

−

= + = =

= + =

=

⎛ ⎞= = = = ⎜ ⎟
⎝ ⎠

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

Lesson 23

1. 222, 2, 1 1 4 4 3.x y x yf f f f  

The surface area is 
424 4 4

0 0 0
0

3 3 4 3 4 24.
2

x xS dy dx x dx x

2. 222, 3, 1 1 4 9 14.x y x yf f f f  

The surface area is 
3 3 3

0 0 0
14 3 14 9 14.S dy dx dx

3. 222, 3, 1 1 4 9 14.x y x yf f f f  

We use polar coordinates. 
2 3 2

0 0 0

9 1414 9 14 .
2

S r dr d d

4. 223, 2, 1 1 9 4 14x y x yf f f f . 

The surface area is 
38 12 2

0 0
14 48 14.

x
S dy dx

5. 22 2 22 , 2 , 1 1 4 4 .x y x yf x f y f f x y  

In polar coordinates, 
42 2

0 0
1 4 65 65 1 .

24
S r r dr d

6. 22 2 22 , 2, 1 1 4 4 5 4 .x y x yf x f f f x x  

We have 
1 2

0 0

15 4 27 5 5 .
12

x
S x dy dx
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7. 22 2 22 , 2 , 1 1 4 4 .x y x yf x f y f f x y  

In polar coordinates, 
2 3 2

0 0
1 4 37 37 1 .

6
S r r dr d

8. 22 2, 0, 1 1 .x x
x y x yf e f f f e  

The surface area is given by 
1 1 2

0 0
1 2.0035 .xS e dy dx

9. We calculate the surface area as follows.

 
2 2 2 222 2

2 2 2 22 2 2 2
, , 1 1 1 .x y x y

kykx k x k yf f f f k
x y x yx y x y

 2 2 2 2 2 2 21 1 1 area of circle 1 1 .
R R

S k dA k dA k k r r k

Lesson 24

1. 
15 2 1 5 2 5 2 5 52 5

0 00 0 0 0 0 0 0 0 00
2 2 10.dy dx dz y dx dz dx dz x dz dz z

2. We have the following:

 
123 2 1 3 2 3 2

0 0 0 0 0 0 0
0

223 3 32
00 0

0

1
2 2

1 2 2 3 18.
2 2

xx y z dx dz dy yx zx dz dy y z dz dy

z zyz dy y dy y y

3. We have the following:

 
1 1 1 1 1 1 112 2 2 3 2 2 2 2

11 1 1 1 1 1 1

1 11 13 2 2 3
1 11 1

1 2
3 3

2 4 4 8 .
9 9 27 27

x y z dx dy dz x y z dy dz y z dy dz

y z dz z dz z

4. 
5 5 5

0 0 0

125 .
6

x x y
V dz dy dx  Note: Other orders of integration are possible.



5. 
23 2 9

0 0 0

81 .
2

x x
V dz dy dx  Note: Other orders of integration are possible.

6. 
2 2 2

2

6 6 6

6 6 0
18 .

x x y

x
V dz dy dx  Note: Other orders of integration are possible.

7. 
6 4 2 3 2 2 3

0 0 0
3 24 .

x y x
m dz dy dx

8. 
5 5 15 3 3 5

0 0 0

3753 .
8

x x y
m y dz dy dx

9. 
21 0 1 1

0 1 0 0 0 1

1 .
3

y z
dz dy dx dy dz dx

10. 
4 12 3 6 12 4 12 4 34 32 4 3 6

0 0 0 0 0 0
4 .

x x y z z x

dz dy dx dy dx dz

Lesson 25

1. cos 1cos 1, sin 1sin 0, 4.x r y r z

x, y, z .

2. 3 2 3 2cos 3cos , sin 3sin , 1.
4 2 4 2

x r y r z

The rectangular coordinates are 3 2 3 2, , , , 1 .
2 2

x y z

3. 2 22 2 2 2 2 8 8 16 4.r r 2 2tan 1.
2 2

y
x

 

Hence, 
4

 and the cylindrical coordinates are , , 4, , 4 .
4

r z

4. cos 9 9sec .x r r

5. 2 2 2 2 2 5,r z x y z  a sphere of radius 5.
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6. 2 2 22sin 2 sin 2 .r r r x y y  Completing the square, you obtain the cylinder 
22 1 1.x y

7. We have the following:

 
2 22 2 11 1 1

2 2

1

2

1

2

2 2

0 0 0 0

2 2 2
10

32 22 2
10

32 22 2
1 20

3
22 2

1 2

2 2

2

2
3

2
3

4 .
3

R rR R r R

R R

R

R

R

R

r dz dr d rz dr d

r R r dr d

R r d

R R d

R R

8. 
2

2 2 2 2 2

2 4 4 2 2 4 2 2 4 2

2 4 0 0 0 0
cos cos .

x

x x y r r
x dz dy dx r r dz dr d r dz dr d

9. In the xy-plane, 2 2 2 22 2 2 0.x x y x x y  

Completing the square, you have the circle 
2 2

21 1 .
2 2

x y  

In polar coordinates, the circle is cos .r  Hence, 
2

cos 2 cos

0 0 2
.

r

r
V r dz dr d

10. The two surfaces intersect when x  + y  + z  = x  + y x  + y  = 4. 

Hence, x  + y
22 2 4

0 0
.

r

r
V r dz dr d

Lesson 26

1. 12sin 0cos 0, 12sin 0sin 0, 12cos 0 12.
4 4

x y z  

x, y, z .



2. 5 23 5 3 5 35sin cos , 5sin sin , 5cos .
4 4 2 4 4 2 4 2

x y z  

The rectangular coordinates are 5 25 5, , , , .
2 2 2

x y z

3. 22 22 2 3 4 32 4 2.  2 3tan 3.
2

y
x

 

So, 2 .
3

 Finally, 24cos .
2 44 2

z  

The spherical coordinates are 2, , 4 2 , , .
2 4

4. cos 6 6sec .z

5. 
2 2 2

3cos cos .
6 2

z
x y z

 

Squaring both sides, we have 
2

2 2 2
2 2 2

3 3 3 0, 0
4

z x y z z
x y z

, which is the upper nappe  
of a cone.

6. By sketching the solid, you see that 0
4

 and 0 2 .  

For z 2 cos 2sec .  Finally, for 22 2 2 22 4 , 2 4 .z x y z x y  

So, 2 2 2 24 4 cos ,x y z z  and the upper limit is 4cos .  The integral is

 
2 2 2

2

2 4 2 4 2 4cos4 2

2 4 2 0 0 2sec
sin cos sin ,

x x y

x
x dz dy dx d d d

2 4cos4 3 2

0 0 2sec
sin cos .d d d

7. We have the following:

 
232 2 24 42

0 0 0 0 0
0

42 24

0 0 0
0

2

0

sin sin
3

2 2 2 2sin ( cos )
3 3

2 2 2 2 22 41 2 2 1 .
3 2 3 3 3

Q

dV d d d d d

d d d

d
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8. 
2 32 2

0 04
sin .V d d d

9. 
2 4sin 2 2

0 0 0
sin 16 .V d d d

10. The distance from a point to the z-axis is 2 2 sin .r x y  We set up the integral for the mass in the 

 
3 32 2 2 22 3 2

0 0 0 0 0 0
8 sin sin 8 sin .m k d d d k d d d

Lesson 27 

1. The vectors make a 45º angle with the x-axis. They have constant length 2 21 1 2.F

2. . They have constant length 
2 2 21 1 1 3.F

3. 3 2 25 , 15 15 .N MM y N xy y
x y

 

4. 3 32 2 2 2 2 22 2 2 2

1 1, .yN x MM N
x yx y x y x y x y

 

5. 1 12 , , 2 .
2 2x yf x f y x y x yF i j  Note that f F.

6. 6 , 6 , 6 , , 6 6 6 .x y zf yz f xz f xy x y z yz xz xyF i j k  Note that .f F

7. 2 2 2 2
2 , , 1 , , 2 .x x x x

x y zf xye f e f x y z xye eF i j k  Note that f F.



8. , , .xf x y y f x y xy g y , , .yf x y x f x y xy h x  

Hence, f x, y  = xy + K is the potential function.

9. We have

 2 2
2 2

2 2
2 2

1, , ln
2

1, , ln .
2

x

y

xf x y f x y x y g y
x y

yf x y f x y x y h x
x y

Hence, 2 21, ln
2

f x y x y K  is the potential function.

10. We have

 2 2 3 2

3 3 2

, 3 ,

, 2 , .

x

y

f x y x y f x y x y g y

f x y x y f x y x y h x

Hence, f x, y  = x3y  + K is the potential function.

Lesson 28

1. curl .xz xy yz xy yz xz
x y z

xyz xyz xyz

i j k

F i j k

2. curl cos cos 2 cos .

sin cos 0

x x x

x x

e y e y e y
x y z

e y e y

i j k

F k k

3. curl 1 1 2 .

0
x y z
y x

i j k

F k k
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4. 

 

curl cos cos cos 0.

sin sin sin

y z x
x y z
z x y

i j k

F i j k

5. 

 2 2 2 2 2

2 2 2 2 2

2 2 2 2 2

1 ,
2

1 ,
2

1 , .
2

x

y

z

f xy z f x y z g y z

f x yz f x y z h x z

f x y z f x y z k x y

Hence, the potential function is 2 2 21, , .
2

f x y z x y z K

6. div , 2 4 .M Nx y x y
x y

F

7. div , , cos sin 2 .M N Px y z x y z
x y z

F

8. 2 24 3 4 3 5 .t ds dt dtr i j  

So, the line integral becomes 
1 1 12 3

00 0
4 3 5 60 20 20.

C
xy ds t t dt t dt t

9. 2 2cos sin cos sin .t t t ds t t dt dtr i j  

So, the line integral becomes 2 22 2 2 2 2 2
00 0

5sin cos 4 5 5 .
2C

x y z ds t t dt dt t

10. 
626 2

0
0

1 2 2 2 6 18 6 2 3 1 .
2
tt dt t



Lesson 29

1. , , .x y x y t t tF i j i j r i j  

So, the line integral becomes 
1 1 12

00 0
2 1.

C

d t t dt t dt tF r i j i j

2. 2
2

, 3 4 3 4 4 , .
4

tx y x y t t t
t

F i j i j r i j  So, the line integral is

222 2 22
22 2 2

2

3 4 4 3 4 0.
24C

t td t t dt t t dt t dt
t

F r i j i j

3. 3 2 3, , 2 2 , 2 2 .x y z xy xz yz t t t t tF i j k i j k r i j k  

We have 
141 1 13 2 3 3 3 3 3

0 0 0
0

9 92 2 2 2 4 4 9 .
4 4

C

td t t t t dt t t t dt t dtF r i j k i j k

4. , , 5 2cos 2sin 5 , 2sin 2cos .x y z x y z t t t t t tF i j k i j k r i j k

222 2 2

0 0
0

52cos 2sin 5 2sin 2cos 5 10 .
2

C

td t t t t t dt t dtF r i j k i j k

5. 3 2, 2 2 , 3 .x y x y t t t tF i j i j r i j  

So, the work done is 
222 23 2 5 6

0 0
0

2 3 6 2 64 66.
2

C

tW d t t t dt t t dt tF r i j i j

6. The line joining the two points is 5 3 2 ,0 1.t t t t tr i j k  

Hence, 2 2 2, , 6 10 15 , 5 3 2 .x y z yz xz xy t t t tF i j k i j k r i j k  

The work done is 
1 1 12 2 2 2 3

00 0
6 10 15 5 3 2 90 30 30.

C

W d t t t dt t dt t dtF r i j k i j k

7. 5 , 5 , 0 2.y x dy dx x  So, we have 

 
2 22

0

2 2

0

23
2

0

3 15 5 5

14 125

8 10847 125 28 125 .
3 3 3

C

y x dx y dy x x dx x dx

x x dx

xx
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8. 5 , 5 ,0 2y x dy dx x . So, we have

 
2 22

0

2 2

0

22
3

0

3 3 5 5

5 375

5 125 10 125 8 1010.
2

C

x y dy x x dx

x x dx

x x

9. 2 2, 4 2 ( 1) , 2 .x y x xy t t t tF i j i j r i j  

So, we have 
333 32 2 2 2

1 1
1

10 2364 2 1 2 8 2 2 .
3 3

C

td t t t dt t t t dt tF r i j i j

10. 22, 4 3 2 3 (2 ) , 2 .x y x xy t t t tF i j i j r i j  

So, we have 
2 22 2

0 0
4 3 2(3 )(2 ) 2 8 3 2 3 (2 ) .

C

d t t t dt t t t dtF r i j i j

 
232 2 2

0
0

80 23684 58 10 84 29 10 168 116 .
3 3 3

C

td t t dt t tF r

Lesson 30

1. sin , cos cos .x x xN MM e y N e y e y
x y

2. 2 2 2
1 1 1, .x N MM N
y x yy y y

3. 

 

curl ln ln 0.

ln ln

y yx x z z
x y z z z z z

xyy z x z
z

i j k

F i j k
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4. Because 2 ,N Mx
x y

2 2, 2x y xy x yF i j  is conservative. 

The potential function is 
3

2, .
3
yf x y x y K  

Hence, we have 
0, 43

2 2 2

5,0

642 .
3 3

C

yxy dx x y dy x y

5. Because 2 ,N Mx
x y

2 2, 2x y xy x yF i j  is conservative. 

The potential function is 
3

2, .
3
yf x y x y K  

Hence, we have 
0, 43

2 2 2

2,0

642 .
3 3

C

yxy dx x y dy x y

6. 

The potential function is f x, y, z  = xyz + K. Hence, 4, 2, 4

0, 2, 0
32.

C

yz dx xz dy xy dz xyz

7. 

The potential is f x, y, z  = xyz + K. Hence, 4, 2, 4

0, 0, 0
32.

C

yz dx xz dy xy dz xyz

8. , sin sin .f x y x y  

Hence, the line integral is 
3 ,2 2
0,

cos sin sin cos sin sin 1.
C

x y dx x y dy x y  

9. 
2

, .xf x y K
y

 

The work is therefore 
3, 22

1, 1

9 71 .
2 2

xW
y

10. 
2 2

22 2
.x yN M

x yx y
 

Because the curve does not contain the origin, the line integral is zero.



So
lu

tio
ns

Lesson 31

1. C1 , we have , 0 1.t t t tr i j  

Because x = y = t, 
1

131 12 2 2 2 2

0 0
0

22 2 .
3 3C

ty dx x dy t dt t dt t dt

For the path C , we have (2 ) 2 , 1 2.t t t tr i j  

Here, 12 , , 2 , .
2 2

x t dx dt y t dy dt
t

 

So, we have 
2

2 22 2

1

12 2 .
2 2C

y dx x dy t dt t dt
t

Evaluating this integral, you obtain 7 .
10

 Finally, 2 2 2 7 1 .
3 10 30C

y dx x dy

Next, we calculate the double integral:

 
1

0

1 1 32 22
0 0

12 35
2

0

2 2

2 2

4 4 1 1 1 .
5 2 3 5 2 3 30

x

x
R

x

x

N M dA x y dy dx
x y

xy y x x x dx

x xx

2. Notice that 2 1 1.N M
x y

 Hence, 2 1 .
C

R

y x dx x y dy dA

This is the area between the two semicircles, 1 25 9 8 .
2

3. Notice that 2 1 1.N M
x y

 
Hence, 2 1 .

C
R

y x dx x y dy dA

This is the area of the ellipse having a b = 1. So, the answer is .

4. We have 2 sin 2 .xM Ne y
y x

 Hence, 0.
R

N M dA
x y
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5. By Green’s theorem, we have the following:

 

12 32 1 2

0 0 0
0

22

0 0

1

1 cos cos
2 3

1 1 1 1cos sin .
2 3 2 3

C R R

N MW xy dx x y dy dA x dA
x y

r rr r dr d d

d

6. By Green’s theorem, we have the following:

 
3

2 3 6 5 6 3 .
C R R

N MW x y dx x y dy dA dA
x y

So, the work is 9 times the area of the triangle: 1 2259 5 5 .
2 2

W

Lesson 32

1. 2 2 , (2 2) .y x x dy x dx  So, the line integral becomes

 
3 2 2

0

3 3 2

0

34 3 2

0

2 2 2 2 2 2

2 11 11

11 11
2 3 2

81 9999 9.
2 2

C
y x dx x y dy x x x dx x x x x dx

x x x dx

x x x

2. Let the circle be cos , sin ,0 2 .x a t y a t t  Then, the area is 

 
2 2 2 2

0 0

1 1 1cos ( cos ) sin ( sin ) .
2 2 2

C

A x dy y dx a t a t a t a t dt a dt a

3. 2 1, 2 ; 5 3, 5 .y x dy x dx y x dy dx  The area is therefore

 
4 12

1 4

43 1

4
1

1 12 1 5 5 3
2 2

1 1 1 1 93 18 9 .
2 3 2 2 2 2

A x x x dx x x dx

x x x



184

So
lu

tio
ns

4. 2 2 2 2, y xx y
x y x y

F i j  is conservative because 
2 2

22 2
.x yN M

x yx y
 

By Green’s theorem, the line integral is zero because 2 2 0.
C

R

y dx x dy N M dA
x yx y

5. The line joining the points is 2 1
1 1

2 1
.y yy x x y

x x
 So, 2 1

2 1
.y ydy dx

x x

 
2

1

2

2

1

1

2 1 2 1
1 1

2 1 2 1

2 1 2 1
1 1 1 1

2 1 2 1

2 1
1 1 2 1 1 2 1 1 2 1

2 1

1 2 2 1.

x

x
C

x
x

x
x

y y y yy dx x dy x x y x dx
x x x x

y y y yx y dx x y x
x x x x

y yx y x x x y y y x x
x x

x y x y

6. We have 1 210 0 4 0 12 4 6 0 0 3 0 0 .
2 2

A

7. 0 0 0.
C R R

f x dx g y dy g y f x dA dA
x y

Lesson 33

1. This is the plane y = x + z.

2. Because 2 22 2 2cos sinx y u v u v u , this is the cone x  + y  = z .

3. , , , .u vu v u vr i j r i j k  

, u v = 1. 0, 1 , 0, 1 .u vr i j r i j k  

The normal vector is the cross product, 2 .u vN r r i j k  Note that the surface is the plane x – y z. 
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4. , 2cos 3sin 2 , , 2 sin 3 cos .u vu v v v u u v u v u vr i j k r i j  

, u .
2

v  2, 3 4 , 2, 4 .
2 2u vr j k r i  

The normal vector is the cross product, 16 12 .u vN r r j k

5. We know the point and the normal vector. 

So, the tangent plane is 1 1 2 1 0 2 0x y z x y z . This is the original plane.

6. We know the point and the normal vector. 

So, the tangent plane is 16 6 12 4 0 4 3 12y z y z .

7. , 4 , , .u vu v u vr i r j k  The cross product is 4 4 .u vr r j k  

The magnitude of the cross product is 16 16 4 2.u vr r  

Finally, the area is 
1 2 1 2

0 0 0 0
4 2 4 2(2)(1) 8 2.u vA dA du dvr r

8. , 2sin 2cos , .u vu v u ur i j r k  

We have 2cos 2sinu v u ur r i j  and 2.u vr r  

Finally, 
3 2 3 2

0 0 0 0
2 2(2 )(3) 12 .u vA dA du dvr r

9. We will show that x  + y  + z  = 1.

 2 2 22 2 2

2 2 2 2 2

2 2 2 2

2 2

sin cos sin sin cos

sin cos sin sin cos

sin cos sin cos

sin cos 1.

x y z u v u v u

u v u v u

u v v u

u u
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10. 

 

2 2 2 2

2 2

cos cos cos sin sin
sin sin sin cos 0

sin cos sin sin (cos sin cos cos sin sin )

sin cos sin sin cos sin .

u v u v u v u
u v u v

u v u v u u v u u v

u v u v u u

i j k
r r

i j k

i j k

The magnitude of the cross product is 

 
2 2 22 2

4 2 2 2 2

4 2 2

2 2 2

2

sin cos sin sin sin cos

sin cos sin sin cos

sin sin cos

sin sin cos

sin sin .

u v u v u v u u

u v v u u

u u u

u u u

u u

r r

Lesson 34

1. 1, 0.z z
x y

21 1 0 2 .dS dA dA  So, we have the following.

 

4 3

0 0

4 3

0 0

4 32
00

4

0

2 2 (4 ) 2

2 4 2

2 4

2 3 12 2.

S

x y z dS x y x dy dx

y dy dx

y y dx

dx

2. 0.z z
x y

1 0 0 .dS dA dA  So, we have the following.

 
2 242 4 2 2 2

0 0 0
0

1 14 2 2.
2 2 4

x

S

xxy dS xy dy dx x x dx x



3. We have the following.

 2 323 2 3 3

0 0 0
0

3 3

0

34

0

3 3 3 3
2

3 2 3

3 2436 .
4 2

x
x yy x dy dx x dx

x dx

x

4. , , , 2 .u vu v u vr i r j k  2 , 5.u v u vr r j k r r  

Hence, 
222 1 2

0 0 0
0

5 5 5 5 5 5 5 12 5.
2

S

vy dS v du dv v dv v

5. 2 22 2 1dS x y dA. So, we have

 
2 2

2 2

22 4 2
20 2

2 4 2

0 2

1 4 4

cos sin 1 4

1 4 cos sin .

S S

xy xydS x y dy dx
z x y

r r r dr d
r

r r dr d

6. , , 1, .G x y z x y z G i j k  So, we have

 

1 1

0 0

1 1

0 0

1 1

0 0

3 4

3 1 4

1 3 2 .

S R

x

x

x

dS G dA

z y dy dx

x y y dy dx

x y dy dx

F N F
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7. 2 2
2 2 2 2

, , 36 , .
36 36

yxG x y z z x y G
x y x y

i j k

2 2 22
2 2

2 2 2 2 2 2 2 2
3636 .

36 36 36 36
y x yxG z x y

x y x y x y x y
F

So, we have the following.

 
62

2 2 20 0

36 36 .
36 36S R R

dS G dA dA r dr d
x y r

F N F

Lesson 35

1. There are six surfaces to the cube, each with 1dS dA .

 2

2 22

0 0

2 2

0 0

2 2

0 0

0, , , 0 0

2, , , 4 4 16

0, , 2 , 0 0

2, , 2 , 4 4 16

0, , 2 , 0 0

2, , 2 , 4 4 16.

S

S

S

S

S

S

z z dA

z z dA dx dy

x x dA

x x dA dx dy

y y dA

y y dA dx dy

N k F N

N k F N

N i F N

N i F N

N j F N

N j F N

16 16 16 16.
S

dSF N  The divergence of F is div 2 2 2 2 .z zF  

So, we have the same result: 
2 2 2 2 2

0 0 0 0 0
div 2 4 4 2 2 16.

Q

z dz dy dx dy dxF

2. There are two surfaces. 

For the bottom, 20, , 2 .z zN k F N  So, 22 0 0.
S R R

dS z dA dAF N  

For the side, the outward unit normal is 

 
2 2

2 2
4 4 1
x y
x y
i j kN  and 2 2 2

2 2
1 2 2 2 .

4 4 1
x z y z z

x y
F N  
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So, we have 

 2 2 2

2 1 22 2 2

0 0

2 1 3

0 0

2

0

2 2

2 1 2 1

2 2

1 .
2

S R

dS x y z z dA

r r r r dr d

r r dr d

d

F N

The divergence of F is div 4 6 .z z z zF  The triple integral of the divergence is

 
22 1 1

0 0 0

2 1 2 4

0 0

12 4 62

0
0

2

0

div 6

3 6 3

3 6 3
2 4 6

3 3 1 .
2 2 2

r

Q

z r dz dr d

r r r dr d

r r r d

d

F

3. We have the following.

 
2 2

2 2

2

2

2

2

2 4 2 42 2 2 2

2 4 2 4

2 4 3 2 2

2 4

2 42 4 2 2 2 2
42

2 2 2

2

4 2 4 4 2

16 4 4 2

8 2

2 4 .

y y

y y

y

y

y

y

xz xy y dx dy x x y xy y dx dy

x x xy xy y dx dy

x x x y x y xy dy

y y dy

Using a graphing utility, or a table of integrals, you obtain 4 .

4. The divergence is div 2 2 2 .x y zF  So, we have 

 
1 1 1

0 0 0

1 1

0 0

1

0

div 2 2 2

2 2 1

2 2 1 2 3.

Q

x y z dz dy dx

x y dy dx

x dx

F
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5. The divergence is div 1 2 1 2 .y yF  So, we have

 
2

2

7 5 25

0 5 25

7 5 2

0 5

537 22

0
5

div 2

4 25

4 25 0.
3

y

y
Q

y dx dy dz

y y dy dz

y dz

F

6. If , , ,x y z a b cF i j k  then div 0.F  So, by the divergence theorem, div 0.
S Q

dSF N F

Lesson 36

1. 3cos , 3sinx t dx t dt  and 3sin , 3cos .y t dy t dt   
Because z .

C C
d y dx x dyF r  So, we have

 2 2

0 0
3sin 3sin 3cos 3cos 9 18 .

C C
d y dx x dy t t t t dt dtF r

For the double integral, let 2 2, , (9 ), 2 2G x y z z x y G x yi j k  and 2 2 .dS x y dAN i j k  
The curl of F is

 

curl 2 .
x y z

y z x z x y

i j k

F k

So, curl 2 .dS dAF N  Hence, curl 2 2 area of circle 18 .
S R

dS dAF N

2. Let u i j k  and 2v k  be the vectors forming the triangle. 

Their cross product is 1 1 1 2 2 .
0 0 2

i j k
u v i j  The surface is the plane is 2 2 0.G x y

2 2  and 2 2 .G dS dAi j N i j  
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Next, we calculate the curl of F:

 
2 2

2 2

2curl .

arctan ln 1

x
x y z x y

x x y
y

i j k

F k

Because the curl is orthogonal to 2 2 ,dS dAN i j  the line integral equals zero:

 curl 0.
C S

d dSF r F N

3. The curl is curl .xy xz
x y z

xyz y z

i j k

F j k

Let 2, , , 2 , 2 .G x y z x z G x dS x dAi k N i k  

Then, we have 

 

343 3 32 3

0 0 0
0

(curl ) 2

2433 3 .
4 4

C S R R

d dS xy xz x dA xz dA

xx x dy dx x dx

F r F N j k i k

4. curl 0.

1 1 2
x y z

i j k

F  
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5. 2 2

2 2 2 2

curl 3 .

0

x y
x y z

y x y x x y

i j k

F k  

Letting N = k,

 
2 2 2 222 2 3

00 0 0 0
(curl ) 3 3 8 16 .

S R

dS x y dA r r dr d r d dF N
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Glossary

Note: The number in parentheses indicates the lesson in which the concept or term is introduced. 

Some concepts from beginning calculus, and even precalculus, have also been included that were introduced 
in Understanding Calculus: Problems, Solutions, and Tips Calculus  or in Understanding Calculus II: 
Problems, Solutions, and Tips Calculus II .

absolute value function:

, 0
.

, 0
x x

f x x
x x

It is continuous, but not differentiable, at x = 0. Its graph appears in the shape of the letter V. Reviewed in
Calculus, Lesson 1.

rate of change in speed and the rate of change in direction. See particle motion. Introduced for two 
dimensions in Calculus, Lessons 34–35. 

: In three dimensions, arc length is 

2 2 2
.

b b

a a
s x t y t z t dt t dtr

The differential of arc length in three dimensions is 

2 2 2
.ds x t y t z t t dtr

For arc length in two dimensions, see Calculus II, Lesson 8.

area of a region in the plane: Let f a, b
into n equal subintervals of length 

0 1 2 1, , , , , , .n n
b ax x a x x x x b

n
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The area f, the x-axis, and the vertical lines x = a and x = b is 

 
1

1
lim , ,

n

i i i in i
A f c x x c x  

provided that this limit exists. See Calculus II, Lesson 7.

axis of revolution: If a region in the plane is revolved about a line, the resulting solid is a solid of revolution, 
and the line is called the axis of revolution. See Calculus II, Lesson 30.

cardioid: 1 cosr a  and 1 sinr a  are called cardioids.  
See Calculus II, Lesson 29.

center of mass:  

 
, ,y xM Mx y

m m
 or 0 ,Mx

m
 

where 1 2 nm m m m  and the moment about the origin 0 1 1 ... .n nM m x m x   
covered in Calculus II, Lesson 9 , the center of mass is often called the 

centroid of the region. See moment.

centroid
distributed, the centroid is equivalent to the center of mass. See Calculus II, Lesson 9.

: 
covered in this course is 

 
,dydw w dx w

dt x dt y dt
 

compound interest formula: Let P be the amount of a deposit at an annual interest rate of r as a decimal  
compounded n t

 
1 .

ntrA P
n

 

rtA Pe . See Calculus, Lesson 27.
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concavity: Let f be differentiable on an open interval I. The graph of f is concave upward on I if f  is 
increasing on I and concave downward on I if f  is decreasing on I. A graph is concave upward if the 
graph is above its tangent lines and concave downward if the graph is below its tangent lines.  
See Calculus II, Lesson 2.

: F that can be represented as the gradient of a differentiable 
function f, known as the potential function .fF

closed curve is zero.

f is continuous at c if the following three 
conditions are met: 

 f c lim
x c

f x  exists, and lim .
x c

f x f c  

In multivariable calculus, a function of two variables is continuous at a point if 1
at the point, 2  the limit exists at the point, and 3  the function value equals the limit.

Coulomb’s law : The force exerted on a particle with electric charge q1 x, y, z
charge q2 0, 0, 0  is 

 1 2
2, , .c q qx y zF u

r

critical point : For a function f R x0, y0 x0, y0  is a critical 
point if the partial derivatives of the function at that point fx x0, y0  and fy x0, y0  are both equal to zero, or 
one of them does not exist. These critical points are the candidates for relative extrema.

: also known as the vector product

vector and is not commutative: Instead, .u v v u  The cross product equals zero for identical 
or parallel vectors. We calculate using a determinant formula: 1 2 3 1 2 3, ,u u u u u uu i j k  and 

1 2 3 1 2 3, ,v v v v v vv i j k  is

 
1 2 3 2 3 3 2 1 3 3 1 1 2 2 1

1 2 3

.u u u u v u v u v u v u v u v
v v v

i j k
u v i j k
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The magnitude of the cross product is a scalar, which equals sin .u v u v

The derivative of the cross product is .d
dt

r u r u r u

 when curl = 0, 

curl .F F x, y, z ,

 curl , ,

, , .

P N P M N Mx y z
y z x z x y

x y z
x y z

M N P

F i j k

i j k

F

curvature: A measure of how much a curve bends, 

 
( )

.
( )
t

K
t

T
r

 

The curvature of y = f x  is 

 3
2 2

.
1

y
K

y
 

See Calculus II, Lesson 36.

: x = f t , y = t , and z = t . A curve is called simple 
if it does not cross itself. 

: 
shape, but 

not just a circle
that curve and orthogonal to its plane.

: The three-dimensional generalization of polar coordinates: cos ,x r t
sin , .y r t z z
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cycloid:  See Calculus II, 
Lesson 28.

: Let f , n equal subintervals of 
length 0 1 2 1, , , , , , .n n

b ax x a x x x x b
n

 

Assume that the following limit exists: 
1

lim ,
n

in i
f c x  where 1i i ix c x . 

 of f from a to b and is denoted .
b

a
f x dx  See Calculus II, Lesson 3.

: See differential operator. 

delta x x :  x is read “delta x” and denotes small  change in x. Some textbooks use h 
x.

: 

derivative:  of f at x

 0
lim .
x

f x x f x
f x

x

Notations for the derivative of y = f x : 

 , , , , .dy df x y f x D y
dx dx

 change inslope .
change in

y y
x x

In multivariable calculus, or more  variables, and we use partial derivatives:

 
0 0

, , , ,
, lim , , lim .x yx y

f x x y f x y f x y y f x y
f x y f x y

x y
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: 
calculate the cross product 
using determinant notation, but in that sense, this course has no determinants—which are a topic covered 
in linear algebra. See cross product. 

differentiable : In multivariable calculus, a function z = f x, y x0, y0 z 
can be written in the form 0 0 0 0 1 2, , ,x yz f x y x f x y y x y  where 1 and 2 tend to zero 
as , 0, 0 .x y

differential: y = f x  be a differentiable function. Then, dx x is called the 
differential of x. The differential of y is .dy f x dx  For multivariable calculus, see total differential. 
See Calculus II, Lesson 2.

differential equation: A differential equation in x and y is an equation that involves x, y, and derivatives of y. 
The order  

.dy P x y Q x
dx

  
See Calculus II, Lessons 4–6.

: , , or .
x y z

“del,” or “grad,” or “nabla.”

: Component numbers in a direction vector.

: Two-dimensional analog for intervals along the x-axis in beginning calculus. An open disk that is the 
interior of a circle. Compare with planar lamina.

: 
source, negative divergence is a 

sink, and divergence = 0 is divergence free or incompressible. Calculated using a dot product of the 
div .F F
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: A generalization of Green’s theorem that relates a 
of a solid with a triple integral over the entire solid: 

 div .
S Q Q

dS dV dVF N F F

: The dot product of two vectors, 1 2 3 1 2 3, , and , , ,u u u v v vu v  is 1 1 2 2 3 3 .u v u v u vu v  
The dot product of two vectors is a real number, not a vector, and provides a method for determining the 
angle between two nonzero vectors; when the dot product equals zero, the two vectors are perpendicular 
to each other. For vectors in two dimensions, see Calculus II, Lesson 32.

: If f R in the xy-plane, then the double 
integral of f over R is 

 
0 1

, lim , .
n

i i i
iR

f x y dA f x y A

To solve, rewrite as an iterated integral. Can be used to solve for area, volume, mass, surface area, etc.

: Using the total differential to approximate function values.

extreme value theorem : If z = f x, y  is continuous on the closed and bounded region R in the plane, then 
there is at least one point in R at which f takes on a minimum value and at least one point in R at which f 
takes on a maximum value.

exponential function: The inverse of the natural logarithmic function y x is the exponential function  
y = ex. The exponential function is equal to its derivative, .x xd e e

dx
 The exponential function to base 

a, a ln .a xxa e  See Calculus, Lesson 1.

:  let c be a critical number of f. If f 
negative at c, then f c, f c . If f c, then f 

c, f c . See second derivative test. See Calculus II, Lesson 2. 

an orientable surface. 
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: often x and y  and one dependent 
often z or t . Let D the domain  be a set of ordered pairs of real numbers. If to each ordered pair 

x, y  in D there corresponds a unique real number f x, y , then f is a function of x and y.

: If f is a continuous function on the closed interval [ , F is 
an antiderivative of f, then 

 .
b

a
f x dx F b F a  

This theorem and the second fundamental theorem of calculus show how integration and differentiation 
f is continuous on an open interval I containing a, the second 

fundamental theorem of calculus x in the interval, 

 .
x

a

d f t dt f x
dx

fundamental theorem of line integrals : 
potential function at those two points.

Gauss’s law E is an 

 
0

.
S

QdSE N  

Here, Q is the electric charge inside a sphere and 0

: A vector that points in the direction of maximum increase or steepest ascent; is orthogonal 
for functions of two variables for functions of three variables . 

or more  variables is a vector-valued function; for a function of two 
variables, the gradient is , , , , .x yf x y f x y f x y f x ygrad i j  The dot product of the 
gradient with the unit vector gives the directional derivative.
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: A theorem about points in the plane that 
a region with a double integral over the entire region: 

 
.

C
R

N MM dx N dy dA
x y

 

Here, M and N are the components of a vector-valued function F. This theorem generalizes to space, in 
divergence theorem and Stokes’s theorem.

: dy ky
dt

 is kty Ce . Introduced in 
Calculus II, Lesson 5.

half-angle formulas: 2 21 cos 2 1 cos 2sin ; cos .
2 2

x xx x  

Used when exponents m and n are both even in the integral sin cos .m nx x dx  Reviewed in Calculus II, 
Lesson 11.

: 
distribution of the temperature in plates or solids.

horizontal asymptote: The line y = L  of the graph of f if lim ( )
x

f x L  or 
lim ( ) .
x

f x L  See Calculus II, Lesson 5.

implicit differentiation y as a function of x
steps are as follows: Differentiate both sides with respect to x, collect all terms involving dy/dx on the left 
side of the equation and move all other terms to the right side, factor dy/dx out of the left side, and solve 
for dy/dx. See Calculus II, Lesson 2.

improper integral

 
lim ,

b

a ab
f x dx f x dx  

a, b Calculus II, Lesson 15.
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integrating factor: For a linear differential equation, the integrating factor is ( ) .P x dxu e  See Calculus II, 
Lesson 6.

integration by partial fractions: An algebraic technique for splitting up complicated algebraic expressions—

using other techniques. See Calculus II, Lesson 13.

integration by parts: .u dv uv v du  See Calculus II, Lesson 10.

integration by substitution: Let F be an antiderivative of f. If u = x , then ,du g x dx  so we have

    because   .f g x g x dx F g x C f u du F u C  

See Calculus II, Lesson 3.

iterated integrals : Repeated simple integrals, such as double integrals and triple integrals. The inside 
limits of integration can be variable with respect to the outer variable of integration, but the outside limits 
of integration must be constant with respect to both outside limits of integration. 

inverse functions y = x.

A function g is the inverse function of the function f if f x  = x for all x in the domain of g and  
f x  = x for all x in the domain of f. The inverse of f is denoted 1f . Reviewed in Calculus II, Lesson 1.

 : Fields where the force decreases in proportion with the square of distance.  
Given ,x y zr i j k F 2, , .kx y zF u

r

inverse trigonometric functions: These inverse functions 
function, as follows.

 1arcsin sin sin ,  for 1 1 and .
2 2

y x x y x x y

 1arccos cos cos ,  for 1 1 and 0 .y x x y x x y
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1arctan tan tan ,  for  and .

2 2
y x x y x x y

 
1arcsec sec sec ,  for 1,  0 ,  and .

2
y x x y x x y y

Reviewed in Calculus II, Lesson1. 

: 1  The orbit of each planet is an ellipse, with the Sun at one of the two foci; 2  a line 
joining a planet and the Sun sweeps out equal areas during equal intervals of time; 3  the square of the 

: A scalar, 
optimization problems that have constraints. 

solids. 
2 2

2 2 0.z z
x y

harmonic.

an object remain constant from point to point. 

: 

line. If f x  = ax + b, then the values of a and b

 
1 1 1

2
1 12

1 1

1, .

n n n

i i i i n n
i i i

i i
n n i i

i i
i i

n x y x y
a b y a x

n
n x x

level curve : Also known as a contour line f x, y  = c, when  
z = f x, y  and c is a constant. Contrast with trace, which is the intersection of a surface with a plane.



204

G
lo

ss
ar

y

level surface : Although a function in three variables f x, y, z  cannot itself be graphed, it is possible to 
graph a level surface, the set of all points in space where that function equals a constant, f x, y, z  = c.

L’Hôpital’s rule: A technique for evaluating indeterminate forms for limits such as 0
0

 or ,  where no 
guaranteed limit exists. See Calculus II, Lesson 14.

limit f x L as x approaches c from either 
f x  as x approaches c is L, which we write as lim .

x c
f x L  

Also, the equation lim
x c

f x  means that f x  increases without bound as x approaches c. 

f c c , and let 
L be a real number. The statement lim

x c
f x L  means that for each  > 0, there exists a  > 0 such that if 

0 ,x c  then ( )f x L . 

See Calculus II, Lesson 1.

two directions
0 0, ,

lim ,
x y x y

f x y L  if for each  > 0, there exists  > 0 such that

 2 2
0 0, whenever 0< .f x y L x x y y

: Given a set of data, a linear model is a function y = ax + b

: Integration over a piecewise smooth curve, which can be used to calculate the mass of 
where the value of the integral does not depend on the orientation of the curve

where the orientation of the path does matter and determines the sign of the answer . Green’s 
theorem  
See fundamental theorem of line integrals.

y-intercept . See planes in space and parametric equations.
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log rule for integration: 1 ln .dx x C
x

 

For a logarithmic function to base a, when a > 0 and a 1log ln .
lna x x

a
 See Calculus, Lesson 27.  

See Calculus II, Lesson 3.

mass  

: Four partial differential equations, and their integral forms, describing the 

E and a surface S enclosing a charge Q, 
0

,E  where 

If B 0.B

If E B 0
t
BE .

If E B J .
t
EB J

Möbius strip  

: Related to the turning force of a mass around a pivot or fulcrum. m  
is concentrated at a point and if x is the distance between the mass and another point P, then the  
moment of m about P is mx. Formulas for the moments with respect to the axes are much simpler  

, , , .x y
R R

M y x y dA M x x y dA  
Covered in Calculus II, Lesson 9.

: Calculus of more than one variable. That is, the calculus of functions of two or 
more independent variables, and their graphs in space.

natural logarithmic function: 

1

1ln , 0.
x

x dt x
t

 See Calculus II, Lesson 3.
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normal: 
surface at the point. Also, the normal component of acceleration is the direction of the acceleration and is 

 2 2 ,a aN Tv T a N a  where the normal vector is written N or n. See Calculus II, 
Lesson 35.

one-sided limits: The limit from the right means that x approaches c from values greater than c. The 
lim .
x c

f x L  

x approaches c from values less than c, notated lim .
x c

f x L  
See Calculus, Lesson 5.

: extrema  of a function. The candidates for 
extrema are the critical points.

orientable : A surface is orientable when its unit normal vector N
point on a surface S

orthogonal perpendicular  if their dot product is zero. The orthogonal 

perpendicular  See normal and dot product.

: A three-dimensional object whose faces are all parallelograms.

: 

: 1 1 1, ,x x y y z z  
with three direction numbers a, b, c , we can 
equations, 1 1 1, , , ,PQ x x y y z z t a b c : 

 1

1

1 .

x x at

y y bt

z z ct
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In the special case where a, b, and c are all nonzero, the parameter t can also be omitted in favor of so-
t of the form 1 1 1( ) / ( ) / ( ) / .x x a y y b z z c
x, y, and z “parameter”  t. The 

, ,x f t y g t z h t  induces an orientation to the 
curve as the parameter t increases. See Calculus II, Lesson 28.

two parameters. As the parameters u and v
space: , , , , .u v x u v y u v z u vr i j k  For example, the paraboloid z = x2 + y2 can be described as 
a parametric surface 2 2, .u v u v u vr i j k  

partial derivatives 

 
0

, ,
, limx x

f x x y f x yf f x y
x x

; 
0

, ,
, lim .y y

f x y y f x yf f x y
y y

There are four second-order partial derivatives:

 
22

2 2

2 2

;

; .

xx yy

xy yx

f f yx f f
x x y yx y

f f f ff f
y x y x x y x y

: An equation containing partial derivatives. See Laplace’s partial 
differential equation.

.t x t y t z tr i j k

.t t x t y t z tv r i j k

 Acceleration: .t t x t y t z ta r i j k

 Speed:  
2 2 2

.t t x t y t z tv r
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: 
number of smooth subintervals. The lower-dimensional counterpart of a simply connected region.

: Calculus II, Lesson 9.

: 
The standard equation of a plane in space is 1 1 1 0.a x x b y y c z z  The general form of a 
plane is 0,ax by cz d  where a, b, and c are components of the normal vector to the plane. 

: Cartesian  coordinates of P x, y , with each point 
r, , where r is the distance from P to the origin and  is the angle the segment OP  

makes with the positive x-axis. Useful for solving double integrals involving circles, cardioids, rose 
x2 + y2. See Calculus II, Lesson 29.

planimeter : An engineering device, based on Green’s theorem

: The differentiable function whose gradient can represent a particular conservative 
F as follows: .fF  Finding a potential function is comparable to antidifferentiation: 

: When a vector u is projected onto a vector v, the result is a multiple of v, written 

 2proj .v
u vu v
v

 

quadric surface 
of which the sphere is a special case , elliptic cones, elliptic paraboloids, 

of one or two sheets quadric 
surface is

 2 2 2 0.Ax By Cz Dxy Exz Fyz Gx Hy Iz J
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radian: Calculus uses radian  
360° is 2  radians; 180° is  radians. See Calculus II, Lesson 1.

: A relative maximum or relative minimum.

second derivative test: Let 0f c c is a critical number of f . If 0,f c  then f has a relative minimum 
at c. If 0,f c  then f has a relative maximum at c. See Calculus II, Lesson 2.

a, b  be a critical point of f
2

, , , .xx yy xyd f a b f a b f a b  Then, we have the following.

0, , 0xxd f a b relative minimum.

0, , 0xxd f a b relative maximum.

0d saddle point.

0: d Test is inconclusive.

in one piece  
piecewise 

smooth curve.

Snell’s law : When light waves traveling in a transparent medium strike the surface of 
undergo refraction  in order to follow the path of 

minimum time. 

solid of revolution: If a region in the plane is revolved about a line, the resulting solid is a solid of revolution, 
and the line is called the axis of revolution. When the plane is a circle, the resulting solid is a torus.  
See theorem of Pappus. See Calculus II, Lesson 7.

solution curves
Calculus, Lesson 35, and Calculus II, 

Lesson 5.
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is a distance, while the other two are angles. The distance  is from a point in space P to the origin O,  is 
the same angle as used in cylindrical coordinates, and  is the angle between the positive z-axis and the 
line segment ,OP . 

: A higher-dimension analog of Green’s theorem that relates a line integral around a 
closed curve C to a surface integral of a closed, oriented surface S for which C
the unit normal to that surface be N and x, y, z

Stokes’s theorem states that curl .
C S

d dSF r F N

summation formulas: 

1
.

n

i
c c c c cn

1

( 1).
2

n

i

n ni

2

1

( 1)(2 1).
6

n

i

n n ni  

: Surfaces are graphs in space, such as quadric surfaces and surfaces of revolution. A  
surface is simply connected  
inside that region.

: In space, surface area equals the double integral of the differential of surface area.  
If z = f x, y R in the xy-plane, the surface area is 

 
2 2

1 , , .x y
R

S f x y f x y dA

surface integral 
S z = x, y , let f x, y, z

points on S, and let R be the projection of S onto the xy f and g, the 
surface integral is

 
22, , , , , 1 .x y

S R

f x y z dS f x y g x y g g dA
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theorem of Pappus: If a region is rotated about the y-axis, then the volume of the resulting solid of revolution 
is 2 .V xA  See Calculus II, Lesson 9.

torus
circle x2 + y2 = r2 about the line .x R r R  See Calculus II, Lesson 31.

: 
differential is a tangent plane approximation to a surface. The total differential of z is the expression

 , , .x y
z zdz dx dy f x y dx f x y dy
x y

: The intersection of a surface with a plane—for example, the intersection with one of the three 
coordinate planes. The trace of a surface is a curve in space, unlike a level curve
the xy-plane.

trigonometric functions  
right triangle.

 sin .

cos .

sintan .
cos

a
c
b
c

a
b

x, y  on the unit circle x2 + y2

 sinsin , cos , tan
cos

1 1 1csc , sec , cot .
sin cos tan

yy x
x

x
y

These are reviewed in Calculus II, Lesson 1.

a

b

c
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trigonometric identities: Trigonometric identities are trigonometric equations that are valid for all values 
x or 

integration problems. These are presented in Calculus II, Lesson 2. In addition to those described under 
trigonometric functions, some of the most useful are as follows.

 
2 2 1.sin x cos x  

 
2 2tan sec 1.x x  

 
2 2cos 2 cos sin .x x x

 sin 2 2sin cos .x x x

 
2 1 cos 2cos .

2
xx

 
2 1 cos 2sin .

2
xx

trigonometric substitution: A technique for converting integrands to trigonometric integrals. See Calculus II, 
Lesson 12. 

: 

 
0 1

, , lim , , .
n

i i i i
iQ

f x y z dV f x y z V

There are six orders of integration for triple integrals in Cartesian coordinates:

 dz dy dx, dz dx dy, dy dz dx, dy dx dz, dx dy dz, dx dz dy.

: Using three vectors, we take the dot product of one vector with the cross product of 

lie in the same plane. 

 1 2 3

1 2 3

1 2 3

.
u u u
v v v
w w w

u v w
 

: A unit vector pointing in the direction of motion is ,
t

t
t

r
T

r
 where r is a 

position vector .
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: 

: conservative if there 
exists a differentiable function f called the potential .fF  The gradient of a function is a 

is of the form , ;x y y xF i j  a is of the form 
,x y x yF i j .

t  = f t  + t  + t , 
or the more compact form, , , ,t f t g t h tr  where f and g and h are the component functions and 
t is the input parameter. See Calculus II, Lessons 33.

: The 
a scalar  is the speed. See particle 

motion. See Calculus II, Lessons 34.

:  
the plane.

: Force times distance: .W F D f x , then 
the work W x = a to x = b is .

b

a
W F x dx  In multivariable calculus, 

.
C

W dF r  See Calculus II, Lessons 8.
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Summary of Differentiation Formulas

Constant multiple rule: d cu cu
dx

Sum or difference rule: 
d u v u v
dx

d uv uv vu
dx

Quotient rule: 2 .d u vu uv
dx v v

Constant rule: 0.d c
dx

Chain rule: d f u f u u
dx

 one generalization of which is .dw w dx w dy
dt x dt y dt

General power rule: 1n nd u nu u
dx

1.d x
dx

.x xd e e
dx

.x xd e e
dx

1log .
lna

d x
dx a x

ln .x xd a a a
dx

sin cos .d x x
dx
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cos sin .d x x
dx

2tan sec .d x x
dx

2cot csc .d x x
dx

sec sec tan .d x x x
dx

csc csc cot .d x x x
dx

2
1arcsin .

1
d x
dx x

2
1arctan .

1
d x
dx x

2
1arcsec .

1
d x
dx x x

Derivative of the cross product: .d
dt

r u r u r u
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Summary of Integration Formulas

.kf x dx k f x dx

.f x g x dx f x dx g x dx

.d x x C

1
, for  1.

1
n

n xx dx C n
n

Log rule for integration: .x xe dx e C

.x xe dx e C

1 .
ln

x xa dx a C
a

sin cos .x dx x C

cos sin .x dx x C

tan ln cos .x dx x C

cot ln sin .x dx x C

sec ln sec tan .x dx x x C

csc ln csc cot .x dx x x C
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2sec tan .x dx x C

2csc cot .x dx x C

sec tan sec .x x dx x C

csc cot csc .x x dx x C

2 2
arcsin .dx x C

aa x

2 2
1 arctan .dx x C
a aa x

2 2
1 arcsec .

xdx C
a ax x a
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Quadric Surfaces

discussed in Lesson 12 circle, ellipse, 
. Their general equation is 2 2 2 0.Ax By Cz Dxy Exz Fyz Gx Hy Iz J

such as xy, xz, or yz
overall shape. 

ellipsoid: + + =
22 2

2 2 2 1.yx z
a b c

All three squared terms are positive. 

Is a sphere when a = b = c.

Traces are all ellipses.

22 2

2 2 2 1.yx z
a b c

xy  are ellipses;  
xz and yz

Other orientations are 

22 2

2 2 2 1yx z
a b c

and 

22 2

2 2 2 1.yx z
a b c

y

x

z

y

x

z

y

z

y

x
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2 22 2 2 2

2 2 2 2 2 21 .y yx z z x
a b c c a b

Two of the three squared terms are negative.

Traces parallel to the plane of one negative term 
xz or yz

terms negative, there is no trace plane.

Other orientations are 

22 2

2 2 2 1yx z
a b c

and 

22 2

2 2 2 1.yx z
a b c

elliptic cone: 
22 2

2 2 2 0.yx z
a b c

Traces parallel to the plane of the two positive terms 

Other orientations are 

22 2

2 2 2 0yx z
a b c

and 

22 2

2 2 2 0.yx z
a b c

y

x

z

y

xxxxxxx

y

z

y

x
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elliptic paraboloid: 
22

2 2 .yx z
a b

Two positive squared terms set equal to a linear third term. 

a = b = 1. 

Traces are ellipses in planes parallel to the squared terms 
x2, y2 ; traces are parabolas in planes parallel to the plane 

z .

22

2 2 .yx z
a b

a = b = 1. 

One positive squared term and one negative squared 
term set equal to a linear third term.

Traces are parabolas in the plane parallel to the 
x2, y2

z . 

An alternative orientation is 

2 2

2 2 .y x z
b a

y

x

z

y

x

y

x

z

x
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